
10. Polynomial dynami
al systems asso
iatedwith substitutions
It is natural, in many situations related to physi
s or geometry, to studyrepresentations of the free group with values in SL(2; C ). Conjugate repre-sentations just di�er by a 
hange of 
oordinates, so one should be interestedin quantities invariant by 
onjuga
y; the tra
e is one su
h quantity, so that,for a representation �, one is interested in studying tr�(W ), for an elementW of the free group.For instan
e, 
onsider the following problem. Given two 
omplex 2 � 2-matri
es A0 and B0 with determinant 1, de�ne, for n � 0, An+1 = AnBnand Bn+1 = BnAn (in other words, An is a produ
t of 2n+1 matri
es, thefa
tors being 
hosen a

ording to the beginning of the Thue-Morse sequen
e).How to 
ompute the tra
es of An and Bn?One 
an obtain �trAn; trBn; trAnBn� by iterating the fun
tion � :(x; y; z) 7�! (z; z; xyz � x2 � y2 + 2). To be more pre
ise, one has�trAn+1; trBn+1; trAn+1Bn+1� = ��trAn; trBn; trAnBn�:Had we de�ned An+1 = AnBn and Bn = An (this time using the Fi-bona

i substitution), we would have obtained�trAn+1; trBn+1; trAn+1Bn+1� = �trAnBn; trAn; trAn trAnBn�trBn�:This behavior is general: given a substitution � on the two-letter alphabetfA0;B0g, there exists a polynomial map � from C 3 into itself su
h that, ifAn = �n(A0) and Bn = �n(B0), one has �trAn+1; trBn+1; trAn+1Bn+1� =��trAn; trBn; trAnBn�:Of 
ourse, to �nd su
h a re
ursion relation, one 
ould think of expressingthe eight entries of Aj+1 and Bj+1 in terms of those of Aj and Bj , and thengetting, by elimination, a re
ursion relation linking nine su

essive values oftrAj . As a matter of fa
t, on the one hand, this method is not so bad: hadwe 
onsidered a re
ursion involving n matri
es, we should have obtained are
ursion relation, the length of whi
h grows linearly in n, for the tra
es. Onthe other hand, eliminating variables 
ould be an untra
table operation, evenwhen using 
omputer algebra software. Besides, this method gives no idea ofthe algebrai
 properties of these re
urren
e formulae.1 This 
hapter has been written by J. Peyri�ere



322 10. Polynomial dynami
al systems asso
iated with substitutionsAnother way of operating, whi
h is developed here, is to exploit polyno-mial identities in rings of matri
es. This will provide an e�e
tive algorithmfor 
onstru
ting su
h re
ursion relations for tra
es, the so-
alled tra
e maps.Besides, these tra
e maps exhibit very interesting algebrai
 and geometri
properties.More generally, given a representaion � in the 
ase of the free group �2on two elements with generators a; b, for any element W 2 �2, there exists aunique polynomial PW (x; y; z) su
h thattr�(W ) = PW (tr�(a) tr�(b); tr�(ab));in other words, the tra
e of any produ
t of 2 matri
es A;B 
an be 
omputedby using only trA; trB; trAB. Hen
e, the tra
es of the representation is
ompletely determined by [T ℄� = (tr�(a); tr�(b); tr�(ab)) 2 C 3 .An obje
t of parti
ular interest are free subgroups of SL(2; C ) whosegeneratorsA;B have a paraboli
 
ommutator (that is,ABA�1B�1 has tra
e2, or A and B have a 
ommon eigenve
tor). A 
omputation shows that thepolynomial PW asso
iated with the word W = aba�1b�1, as de�ned above,is PW (x; y; z) = x2 + y2 + z2 � xyz � 2 = �(x; y; z) + 2, where �(x; y; z) =x2+y2+z2�xyz�4. Hen
e, these free subgroups are given by representations� su
h that �([T ℄�) = 0.In Chap. 9, we studied endomorphisms � of the free group; for any rep-resentation � whose image is a free group, su
h an endomorphism gives riseto a new representation � Æ �, and, by the above, one 
an �nd a polynomialmap �� : C 3 ! C 3 su
h that [T ℄�Æ� = ��([T�℄). We will show that � Æ ��is always divisible by �, and equal to � if � is an automorphism. Thus, were
over a dynami
al system on the surfa
e �(x; y; z) = 0 asso
iated with theautomorphisms of the free group �2.More is true: in Chap. 9, we saw that the inner automorphisms are exa
tlythose whose abelianization is the identity. We will prove here that they arealso exa
tly the automorphisms � su
h that �� = Id.It is of 
ourse tempting to try to generalize, by in
reasing the number ofletters, or the dimension. Indeed, when dealing with more than two matri
es,the situation is more 
omplex. This time, one gets for � a polynomial mapfrom a 
ertain aÆne algebrai
 variety into itself. We will show some results inthis dire
tion, but everything here be
omes more diÆ
ult, as we saw alreadyin Chap. 9.The 
ase of representations � with value in SL(2;R) su
h that �([T ℄�) = 0is of parti
ular geometri
 interest. Indeed, 
onsider a on
e-pun
tured toruswith an hyperboli
 metri
; su
h a torus is obtained as a quotient of thehyperboli
 plane under the a
tion of a free subgroup of SL(2;R) of rank2 whose generators have a paraboli
 
ommutator, and it is 
lassi
al thatthe 
onjuga
y 
lasses of su
h groups, with given generators, parametrize theTei
hm�uller spa
e of the on
e-pun
tured torus. In fa
t, the elements [T ℄�o�er an expli
itation of this parametrization, as will be proved below.



10.1 Polynomial identities in the algebra of 2� 2-matri
es 323One is also interested in the modular spa
e: one would like to forget theparti
ular set of generators of the group. A 
hange of generators is nothingbut an automorphism � of the free group, and this is done, at the level ofthe parametrization, by the polynomial map �� . Hen
e the modular spa
e isthe quotient of the surfa
e �(x; y; z) = 0 by the a
tion of the automorphismgroup, via �� . Sin
e the a
tion of the inner automorphism group is trivial,one obtains an a
tion of the outer automorphism group, whi
h is isomorphi
to SL(2Z).We re
over, in a 
ompletely di�erent way, something very similar to themodular surfa
e dis
ussed at the end of Chap. 6. This is just the beginningof a long story: it may be proved that the modular surfa
e of the 
ompa
ttorus and of the on
e-pun
tured torus are isomorphi
 in a 
anoni
al way; theon
e-pun
tured torus (whose fundamental group is �2) 
an be seen as a non-
ommutative version of the 
ompa
t torus (whose fundamental group is Z2);the group of automorphisms of the free group in the �rst 
ase plays the roleof SL(2;Z) in the se
ond, and the linear representations we 
onsider enternaturally by 
onsidering geometri
 stru
tures, instead of 
onsidering latti
esas we did in Chap. 6. It turns out that 
ontinued fra
tions and Sturmiansequen
es also enter naturally in the hyperboli
 version of the theory (forexample, by way of the parametrization of geodesi
s without self-interse
tionon the hyperboli
 on
e-pun
tured torus).The tra
e maps are also useful in studying 
ertain physi
al problems,namely the heat or ele
tri
 
ondu
tion in one-dimensional quasi
rystals, mod-eled as 
hains of atoms disposed a

ording to a substitutive sequen
e.These tra
e maps have been widely used and studied from the point ofview of iteration. But appli
ations as well as the dynami
al properties of tra
emaps are not within the s
ope of this 
hapter, whi
h only aims at de�ningthese dynami
al systems.Part of the material of this 
hapter 
omes from [323℄. In the same volume,whi
h is the pro
eedings of a s
hool on quasi
rystals and deterministi
 disor-der, one 
an �nd, besides mathemati
al developments, many 
ourses showingthe importan
e of �nite automata and substitutive sequen
es for modelingand des
ribing 
ertain situations in 
ondensed matter physi
s.The main additions to the le
ture given at Les Hou
hes S
hool in Con-densed Matter Physi
s [323℄ are the following: the proof that Q� = 1 
har-a
terizes automorphisms, and the tra
e maps for 3� 3-matri
es.10.1 Polynomial identities in the algebra of2� 2-matri
es10.1.1 Some identities for 2� 2-matri
esIn this se
tion upper 
ase letters will stand for 2 � 2-matri
es the entriesof whi
h are 
omplex numbers. The basi
 identity is given by the Cayley-



324 10. Polynomial dynami
al systems asso
iated with substitutionsHamilton theorem: A2 � (trA)A+ I detA = 0; (10.1)where I is the identity matrix of order 2, and trA stands for the tra
e of A.As a 
onsequen
e, one hasAn = pn(trA; detA)A� pn�1(trA; detA) (detA) I;where pn's are polynomials in two variables, independent of A, with integer
oeÆ
ients. If A is invertible, su
h a formula is also valid for negative n.The polynomials pn's are 
losely related to the Chebys
hev polynomials ofthe se
ond kind. Indeed, if variables are denoted by x and u, we have thefollowing re
ursion formula: pn+1 = xpn � upn�1, from whi
h it results thatpn(2 
os'; 1) = sinn'= sin':One has detA = �� = �(�+ �)2 � (�2 + �2)� =2, if � and � are theeigenvalues of A. Therefore the Cayley-Hamilton relation 
an be rewrittenas A2 �A trA+ 12 �(trA)2 � trA2� I = 0 :This form allows bilinearization: writing this formula forA, B, andA+B,one gets AB+BA = trAB� (trA)(trB) +A trB+B trA (10.2)(we dropped the identity matrix I as, from now on, we identify s
alars ands
alar matri
es). As this identity is a polynomial identity with integral 
oef-�
ients linking the entries of matri
es A and B, it is valid for matri
es withentries in any 
ommutative ring.By using (10.2), one getsA(AB+BA) = (trAB�trA trB)A+A2 trB+AB trA. Then ABA = (trAB� trA trB)A+A2 trB+AB trA�A2B =A trAB+ (A2 �A trA) trB� (A2 �A trA)B. Finally, we get the formulaABA = A trAB+B detA� detA trB (10.3)whi
h will be useful later.For the sake of simpli
ity, we shall mostly deal with 
omplex matri
eshaving determinant 1, i.e., elements of SL(2; C )).Proposition 10.1.1. If m1; n1;m2; n2; � � � ;mk; nk is a sequen
e of integers,there exist four polynomials p, q, r, and s in three variables with integer
oeÆ
ients su
h that, for any pair of matri
es A and B in SL(2; C ), one hasAm1Bn1Am2Bn2 � � �AmkBnk = p(trA; trB; trAB) +q(trA; trB; trAB)A+r(trA; trB; trAB)B+s(trA; trB; trAB)AB:



10.1 Polynomial identities in the algebra of 2� 2-matri
es 325Proof. By using repeatedly the Cayley-Hamilton theorem for A and B,one is left with a linear 
ombination with polynomial 
oeÆ
ients of I, A,B, AB, BA, and of produ
ts of the form ABA � � � or BAB � � � . Then byusing the Cayley-Hamilton theorem for AB and BA, one is left with a linear
ombination of I , A, B, AB, BA, ABA, and BAB. We 
on
lude by using(10.2) and (10.3).Corollary 10.1.2. Given m's and n's as in Proposition 10.1.1, there existsa unique polynomial P in three variables with integer 
oeÆ
ients su
h that,for any pair (A;B) of unimodular 2� 2-matri
es, one hastrAm1Bn1 � � �AmkBmk = P (trA; trB; trAB) :Proof. The existen
e results from the above proposition. The uniquenessfollows from the fa
t that (trA; trB; trAB) 
an assume any value (x; y; z).To see this, just takeA = � x 1�1 0� and B = � 0 tz + t y�with t(z + t) + 1 = 0.Remark. Had we not restri
ted the determinants of A and B to be 1, thetra
e of the produ
t above would have been expressed as a polynomial in the�ve variables trA, trB, trAB, detA, and detB.Examples. Let A and B be two unimodular 2 � 2-matri
es, x = trA,y = trB, z = trAB.1. (AB�BA)2 = (AB)2 + (BA)2 �AB2A�BA2B= z(AB+BA)� 2� yABA� xBAB+A2 +B2= z(z � xy + yA+ xB) � 2� y(zA+B� y)� x(zB+A� x) + xA+ yB� 2= x2 + y2 + z2 � xyz � 4:This result is not surprising be
ause tr(AB�BA) = 0. The polynomial�(x; y; z) = x2 + y2 + z2 � xyz � 4 (10.4)will play an important role in the sequel. The above formula says thatthe determinant of AB � BA is ��(x; y; z). This is an easy exer
isein linear algebra to show that det(AB � BA) = 0 if and only if thematri
es A and B have a 
ommon eigendire
tion. Indeed, let e be anon-zero element in ker(AB �BA). If e and Ae are independent, then(AB�BA)Ae = AABe�BAAe = x(AB �BA)e = 0, whi
h means



326 10. Polynomial dynami
al systems asso
iated with substitutionsthat AB = BA (re
all that we are here in dimension 2). If Ae = �e,then �Be = ABe, whi
h means that, if A 6= �I, there exists �0 su
h thatBe = �0e.Thus A and B have a 
ommon eigendire
tion if and only if �(x; y; z) = 0.2. ABA�1B�1 = AB(x �A)(y �B)= (AB)2 + xyAB� yABA� xAB2= (AB)2 + xA� yABA= zAB� 1 + (x� yz)A� y(B� y)= zAB+ (x� yz)A� yB+ y2 � 1:Therefore trABA�1B�1 = �(x; y; z) + 2.We now turn our attention to formulae involving more than two elementsof SL(2; C ). As a 
onsequen
e of (10.2), we have the following proposition.Proposition 10.1.3. If fAjg1�j�n are elements of SL(2; C ), then1. any produ
t 
onstru
ted from these matri
es or their inverses, 
an bewritten as a linear 
ombination of the 2n matri
es Ai1Ai2 � � �Aik (0 �k � n, i1 < i2 < � � � < ik) 1 the 
oeÆ
ients of whi
h are polynomials inthe 2n � 1 variables trAi1Ai2 � � �Aik (1 � k � n, i1 < i2 < � � � < ik),2. the tra
e of su
h a produ
t 
an be expressed as a polynomial with integer
oeÆ
ients in the 2n � 1 tra
es de�ned above.We now turn to formulae whi
h involve three matri
es A1, A2, and A3in SL(2; C ). Let x1, x2, x3, y1, y2, and y3 denote the tra
es of A1, A2, A3,A2A3, A3A1, and A1A2.De�ne the following polynomials:p(X;Y ) = x1y1 + x2y2 + x3y3 � x1x2x3 (10.5)q(X;Y ) = x21 + x22 + x23 + y21 + y22 + y23� x1x2y3 � x2x3y1 � x3x1y2 + y1y2y3 � 4 (10.6)where X stands for the 
olle
tion of x's and similarly for Y .Proposition 10.1.4 (Fri
ke lemma). One has1. tr(A1A2A3) + tr(A1A3A2) = p(X;Y )2. tr(A1A2A3) tr(A1A3A2) = q(X;Y ):1 Of 
ourse, for k = 0, this produ
t should be interpreted as the identity matrix.



10.1 Polynomial identities in the algebra of 2� 2-matri
es 327Proof. To prove assertion 1, write A1A2A3 + A1A3A2 = A1(A2A3 +A3A2) and use (10.2).To prove assertion 2, write [A1 (A2A3)A1℄A3A2 = A1A2 (A3A1A3)A2and use (10.3) twi
e. We obtainA1A3A2 tr(A1A2A3) +A2A23A2 � y1A3A2 =y2A1A2A3A2 + (A1A2)2 � x1A1A22:By redu
ing further, we getA1A3A2 tr(A1A2A3) = �2 + x23 + y21 � y1x2x3 + (x1 � y2x3)A1 + x2A2�(x3 � y1x2)A3 + (y1y2 + y3 � x1x2)A1A2 + y2A1A3 � y1A2A3 ;from whi
h assertion 2 follows by taking the tra
e.Corollary 10.1.5. tr(A1A2A3) and tr(A1A3A2) are the roots of the equa-tion z2 � p(X;Y )z + q(X;Y ) = 0:This leads to de�ne a polynomial in seven variables�(X;Y; z) = z2 � p(X;Y )z + q(X;Y ) (10.7)This 
orollary means that variables x's, y's, and z = tr(A1A2A3) are notindependent. Indeed the set of polynomials P , in seven variables with integer
oeÆ
ients su
h that, for any triple fAjg1�j�3 of elements of SL(2; C ), onehas P (trA1; trA2; trA3; trA2A3; trA3A1; trA1A2; trA1A2A3) = 0;is an ideal 
ontaining �. It 
an be shown that this ideal is generated by�. Therefore, the polynomial the existen
e of whi
h is asserted in Proposi-tion 10.1.3-2 is not unique when n > 2. In the 
ase n = 3 it is de�ned up toa multiple of �.Proposition 10.1.6. Let z stand for trA1A2A3. One has2A1A2A3 = z � x1y1 � x3y3 + x1x2x3 + (y1 � x3x3)A1 � y2A2+(y3 � x1x2)A3 + x3A1A2 + x2A1A3 + x1A2A3 :Proof. In A1(A2A3), 
ommute A1 and A2A3 by using (10.2). We get,among other terms, �A2A3A1. By using (10.2) twi
e, on 
an make A1 tojump overA3 andA2. SoA1A2A3 
an be written as �A1A2A3 plus a linear
ombination of I , A1, A2, A3, and produ
ts of two su
h matri
es.Corollary 10.1.7. If n is larger than 3 and fAjg1�j�n are elements ofSL(2; C ), then



328 10. Polynomial dynami
al systems asso
iated with substitutions1. any produ
t 
onstru
ted from these matri
es or their inverses, 
an bewritten as a linear 
ombination of the matri
es I, Ai (1 � i � n), andAi1Ai2 (1 � i1 < i2 � n), the 
oeÆ
ients of whi
h are polynomials inthe variables trAi (1 � i � n), trAi1Ai2 (1 � i1 < i2 � n), andtrAi1Ai2Ai3 (1 � i� 1 < i2 < i3 � n).2. the tra
e of su
h a produ
t 
an be expressed as a polynomial with rational
oeÆ
ients in the n(n2 + 5)=6 tra
es de�ned above.This last 
orollary is a signi�
ant improvement on Proposition 10.1.3 whenn is larger than 3.As a matter of fa
t, one 
an go further redu
ing the number of tra
esneeded. It results from [271℄ that the tra
e of a produ
t of the kind 
onsideredabove 
an be expressed as a rational fra
tion in the variables trAi (1 � i �n), trAiAj (i < j; 1 � i � 3; 1 < j � n), and trA1A2A3 (see also [324℄).10.1.2 Free groups and monoidsLet A = fA1; A2; � � � ; Ang be a �nite set 
alled alphabet.Free semi-group generated by A. Let A� be the set of words over thealphabet A. Re
all that the produ
t W1W2 of two of its elements is just theword obtained by putting the word W2 after the word W1. This operationis 
alled 
on
atenation. It is asso
iative and has a unit element, the emptyword, denoted by ". The set A� endowed with this stru
ture is 
alled the freesemi-group or free monoid generated by A.Free group generated by A. We perform the same 
onstru
tion as abovewith the alphabet fA1; A2; � � � ; An; A�11 ; � � � ; A�1n 	, but we introdu
e thefollowing simpli�
ation rules:AjA�1j = A�1j Aj = " (for 1 � j � n):We obtain a group2 whi
h we will denote by �A and 
all the free groupgenerated by A.In the 
ase of a two-letter alphabet, �fa;bg will be simply denoted by � .Abelianization map. The notations de�ned for the free monoid extend tothe free group: if W is an element of �A and a 2 A, jW ja stands for the sumsof exponents of a in W (one 
an easily be 
onvin
ed that jW ja only dependson W and not of the parti
ular word used to represent it). Moreover, jW jais independent of the order of the fa
tors in W . Re
all that the mappingW 7�! l(W ) = (jW jA1 ; � � � ; jW jAn) (where A1; A2; � � � ; An are the elementsof A) is a group homomorphism of �A onto Zn known as the abelianizationmap.2 Stri
tly speaking, elements of this group are not words, but equivalen
e 
lassesof words.



10.1 Polynomial identities in the algebra of 2� 2-matri
es 329For instan
e, jaba�1ja = 0 jaba�1jb = 1jab�1a�2ja = �1 jab�1a�2jb = �1:Representations in SL(2; C ). A representation of A� or �A in SL(2; C )is a mapping ' from A� or �A into SL(2; C ) su
h that'(W1W2) = '(W1)'(W2)for any W1 and W2 in A� or �A.Su
h a representation is determined by the values Aj of '(Aj) for j =1; 2; � � � ; n. Computing '(W ) simply 
onsists in repla
ing ea
h letter in Wby the 
orresponding matrix.10.1.3 Reformulation in terms of polynomial identities algebrasThe following proposition is mainly a reformulation of the 
orollary to Propo-sition 10.1.1.Proposition 10.1.8. For any W 2 � , there exists a unique polynomial PWwith integer 
oeÆ
ients su
h that, for any representation ' of � in SL(2; C ),one has tr'(W ) = PW (tr'(a); tr'(b); tr'(ab)) :Moreover, if l(W1) = l(W2), the polynomial PW1 � PW2 is divisible by �.Proof. We only have to prove the se
ond assertion. Consider a representa-tion ' su
h that the matri
es A = '(a) and B = '(b) share an eigenve
tor.As these matri
es are simultaneously trigonalizable, the tra
e of a produ
tof A's and B's does not depend on the order of fa
tors. This means thattr'(W1) = tr'(W2). In other terms, we have PW1(x; y; z) = PW2 (x; y; z) assoon as �(x; y; z) = 0. The 
on
lusion then follows from the irredu
ibility of�. A

ording to Horowitz [209℄, polynomials PW are 
alled Fri
ke 
hara
tersof � .The following notation will prove to be 
onvenient: if ' is a representationof � in SL(2; C ), set [T ℄' = � tr'(a); tr'(b); tr'(ab)�: (10.8)With this notation, the equation of de�nition of PW is tr'(W ) = PW ([T ℄'):The reader may wonder whether it was ne
essary to repla
e lower 
aseletters by upper 
ase ones (i.e., to repla
e a letter by its image under a repre-sentation) in the previous 
al
ulations. Indeed, this is not 
ompulsory. If we



330 10. Polynomial dynami
al systems asso
iated with substitutionsanalyze what we have done, we have just 
onsidered a and b to be generatorsof an algebra on the ring Z[x; y; z℄, subje
t to the following relations:a2 � xa+ 1 = 0; b2 � yb+ 1 = 0; and ab+ ba = z � xy + ya+ xb :It is an algebra with polynomial identities (a PI algebra) whi
h we 
all thePro
esi-Razmyslov algebra on a two-letter alphabet. Then Proposition 10.1.1
an be interpreted as giving a homomorphism of the group algebra3 of � tothe Pro
esi-Razmyslov algebra.We denote again by tr the Z[x; y; z℄-linear form on this algebra whi
hmaps 1, a, b, and ab respe
tively on 2, x, y, and z. Then, for any W 2 � ,one has trW = PW . Moreover, it is easy to show that, if u and v are twoelements of this algebra, one has truv = tr vu.10.2 Tra
e maps10.2.1 Endomorphisms of free groupsA map � from �A to �A is an endomorphism of �A if, for any W1 and W2in �A, one has �(W1W2) = �(W1)�(W2) :In the 
ase where none of the words �(Aj) 
ontains negative powers, �is an endomorphism of A� and we re
over the notion of substitution on thealphabet A.Obviously, an endomorphism � is determined by �(Aj) (j = 1; 2; � � � ; n).Hereafter we shall identify an endomorphism � and the 
olle
tion of words��(A1); �(A2); � � � ; �(An)�.For instan
e4, � = (ab; a) means that � is the endomorphism, so 
alledthe Fibona

i substitution, su
h that �(a) = ab and �(b) = a. In this 
ase,as an example, let us 
ompute �(aba�1):�(aba�1) = �(a)�(b)�(a)�1= aba(ab)�1 = abab�1a�1 :The 
omposition of endomorphisms is simply the 
omposition of maps. Thisis illustrated by the following examples:� (ab; ba) Æ (ab; a) = (abba; ab),� (ab; a) Æ (b; b�1a) = (b; b�1a) Æ (ab; a) = (a; b) (this means that, as anendomorphism of �A, the Fibona

i substitution is invertible).3 This algebra is the set of �nite formal linear 
ombinations of elements of �endowed with the bilinear multipli
ation whi
h extends the produ
t in � .4 In the 
ase of a two-letter alphabet, we prefer to denote by a and b the generatorsinstead of A1 and A2.



10.2 Tra
e maps 331Re
all that the n�n-matrixM� whose entry of indi
es (i; j) is j�(Aj)jAiis, by de�nition, the matrix of the endomorphism �.For instan
e, the Fibona

i substitution matrix is � 1 11 0�, and the one ofthe Morse substitution, (ab; ba), is �1 11 1�.One has, for any � and W ,l(�(W )) =M�l(W )and, for any pair of endomorphisms,M�1Æ�2 =M�1 �M�2 :10.2.2 Tra
e maps (two-letter alphabet)Re
all that � stands for the free group on the two generators a and b.De�nition of tra
e maps. Let � be an endomorphism of � . We de�ne thetra
e map asso
iated with � to be�� = �P�(a); P�(b); P�(ab)� : (10.9)It 
an be 
onsidered as well as a map from C 3 to C 3 .Let us 
ompute the tra
e map for the Morse substitution � = (ab; ba). Weoperate in the Pro
esi-Razmyslov algebra. We wish to 
ompute (tr ab; tr ba;tr ab2a). We have tr ab = tr ba = z and ab2a = a(yb� 1)a = y(za+ b� y)�(xa�1), so tr ab2a = xyz�y2�x2+2. At last, �� = �z; z; xyz � x2 � y2 + 2�.Here are a few examples of tra
e maps.� ��inner automorphism (x; y; z)(a�1; b�1) (x; y; z)(b; a) (y; x; z)(ab; b�1) (z; y; x)(b; a�1) (y; x; xy � z)(ab; a) (z; x; xz � y)(b; b�1a) (y; xy � z; x)(ab; ba) (z; z; xyz � x2 � y2 + 2)(aba; b) (xz � y; y; z2 � 2)(a2b; ba) (xz � y; z; x2yz � x3 � xy2 � yz + 3x)(aab; bab) (xz � y; yz � x; xyz2 � (x2 + y2 � 1)z)First properties of tra
e maps.Proposition 10.2.1. For any endomorphisms � and � of � , we have ��Æ� =�� Æ ��.



332 10. Polynomial dynami
al systems asso
iated with substitutionsProof. We have the following 
hara
terization of �� : for any representa-tion ', [T ℄(' Æ �) = ��([T ℄'):The proposition then results from��Æ� ([T ℄') = [T ℄(' Æ � Æ �) = �� ([T ℄(' Æ �)) = �� Æ ��([T ℄') :Corollary 10.2.2. For any endomorphism � of � , and for any W 2 � , onehas P�(W ) = PW Æ �� :Proof. Let � be the endomorphism (W; b). Then P�(W ) is the �rst 
om-ponent of ��Æ� , i.e., the �rst 
omponent of �� 
omposed with �� .As a 
onsequen
e, if � has a �xed point W , the 
orresponding tra
e map�� leaves the surfa
es of PW (x; y; z) = 
onstant globally invariant.If � is invertible, then �� Æ ���1 = id. Taking the Ja
obian, we getdet (�0� Æ ���1 ) det (�0��1 ) = 1 :As these determinants are polynomials with integer 
oeÆ
ients, we must havedet�0� � 1 or det�0� � �1.As an example, 
onsider the Morse substitution for whi
h we have�0� = 0� 0 0 10 0 1yz � 2x xz � 2y xy1A :The 
orresponding determinant is 0, so the Morse substitution is not invert-ible.Let us 
onsider another example: � = (aba; b). Then�0� = 0� z �1 x0 1 00 0 2z1A :The determinant equals 2z2, therefore � is not invertible.Proposition 10.2.3. For any endomorphism � of � , there exists a polyno-mial Q� with integer 
oeÆ
ients su
h that� Æ �� = � �Q�:



10.2 Tra
e maps 333Proof. Let x, y, and z be su
h that �(x; y; z) = 0 and z 6= 0. Chooseunimodular matri
es A and B su
h that trA = x, trB = y, and trAB =z, and 
onsider the representation ' de�ned by '(a) = A and '(b) = B.As A and B share an eigenve
tor, so do '(�(a)) and '(�(b)). So we have�(T(' Æ �)) = 0. Therefore �(x; y; z) = 0 implies � (��(x; y; z)) = 0. Sin
e �is irredu
ible, it divides � Æ �� .As a 
onsequen
e, any �� leaves globally invariant the surfa
e 
 theequation of whi
h is �(x; y; z) = 0. Moreover, the restri
tion of �� to 
 onlydepends on M�.Lemma 10.2.4. For any �, we have Q�(0; 0; 0) = 0 or 1.Proof. This is 
he
ked by testing on matri
es � 0 1�1 0� and �0 ii 0�.Proposition 10.2.5. If � and � are endomorphisms, we haveQ�Æ� = Q� �Q� Æ �� :Proof. We have� �Q�Æ� = � Æ ��Æ� = (� Æ �� ) Æ �� = � Æ �� �Q� Æ �� = � �Q� �Q� Æ �� :Corollary 10.2.6. If � is invertible, then Q� � 1 and �� leaves globallyinvariant ea
h surfa
e �(x; y; z) = 
onstant.Chara
terization of automorphisms of � in terms of Q�. In thisse
tion, if W 2 � , we shall also denote the polynomial PW by trW . Let usset tr a = x, tr b = y, and trab = z. As we have seen in Se
. 10.1.1, we havetr an = un(x)a�un�1(x) for n 2 Z, where the polynomials un satisfy u0 = 0,u1(x) = 1, and un+1(x) + un�1(x) = xun(x).Two elements W and W 0 of � are 
onjugate if there exists V 2 � su
hthat W 0 = V WV �1. In this 
ase, we have trW = trW 0.AnyW 2 � is 
onjugate to ", am, bn, or to am1bn1am2bn2 � � �amkbmk withQkj=1mjnj 6= 0 (su
h a form will be 
alled a 
y
li
 redu
tion of W ). In thelatter 
ase, we shall say that k is the width of W , otherwise the width of Wis 0.Lemma 10.2.7. If W 2 � , the degree, dÆz PW , of PW with respe
t to thevariable z equals the width of W .



334 10. Polynomial dynami
al systems asso
iated with substitutionsProof. It goes by indu
tion on the width k of W . This is true for k = 0.Suppose that k � 1 and the lemma is true for any word of width less thank. Consider W = am1bn1am2bn2 � � �amkbmk , and write W = am1bn1W 0. Onehas W = am1bn1am1a�m1W 0. Equality (10.3) shows thatW = �am1 tr am1bn1 � b�n1� a�m1W 0= W 0 tr am1bn1 � b�n1a�m1W 0:But, the se
ond term of the last equality has a width less than k. One hasam1bn1 = �um1(x)a � um1�1(x)��un1(y)b � un1�1(y)�, from whi
h it resultsthat dÆz tram1bn1 = 1. Therefore, dÆz trW = dÆz trW 0 + 1. This proves thelemma.Lemma 10.2.8. If W 2 � is su
h that trW = �z, with � 2 Z, then � = 1and the 
y
li
 redu
tion of W is either ab or a�1b�1.Proof. If we had � = 0, the 
y
li
 redu
tion of W would be ", am, or bn.But, the tra
e is nonzero in any of these 
ases. Therefore � 6= 0.So, by the pre
eding lemma, a 
y
li
 redu
tion of W is of the form ambnwith mn 6= 0. Therefore we have�z = um(x)un(y) z� y um�1(x)un(y)� xum(x)un�1(y) + 2um�1(x)un�1(y):By looking at the 
oeÆ
ients of z in both sides, we get jmj = jnj = 1. It isthen easy to show that we must have mn = 1.Lemma 10.2.9. For W 2 � , if trW = �x, then � = 1 and W is 
onjugateeither to a or to a�1.Proof. Consider the following automorphism of � : � = (ab; b�1). As onehas ��(x; y; z) = (z; y; x), it results from the 
orollary to Proposition 10.2.1that tr�(W ) = �z. Then, by virtue of the pre
eding lemma, � = 1 and �(W )writes V (ab)�1V �1. Then, W = ��1(V )a�1��1(V �1).Of 
ourse, a similar result holds if trW = �y.Proposition 10.2.10. Let � be an endomorphism of � . Then �� = Id ifand only if � is either an inner automorphism of � or an inner automorphism
omposed with the involution (a�1; b�1).Proof. Suppose �� = Id. It results from the pre
eding lemma that �(a) =Ua"U�1 and �(b) = V b�V �1, with j"j = j�j = 1. By Proposition 10.1.8, �divides tr�(ab)�tra"b�. This implies " = �. By 
omposing, if ne
essary, with(a�1; b�1), we may suppose that " = � = 1.We assume that the words UaU�1 and V bV �1 are redu
ed (i.e., thereare no 
an
ellations). If U = V = ", there is nothing to be proved. Sup-pose that jU j > 1 and write U = Wbn, with either W = " or W end-ing with an a. Then, �(ab) = Wbnab�nW�1V bV �1; so, z = tr�(ab) =



10.2 Tra
e maps 335tr(ab�nW�1V bV �1Wbn). This means that, on
e redu
ed, W�1V does not
ontain a. Therefore W�1V = bk. This shows that � is an inner automor-phism.Now we turn to the study of polynomial maps from C 3 to C 3 whi
h leave� invariant. Let us setG = � 2 C [x; y; z℄3 �� � Æ  = �	 :Of 
ourse G 
ontains ��� �� � 2 Aut�	 (by the 
orollary to Proposi-tion 10.2.5).It will be 
onvenient to name some elements of Aut� :� = (b; a); � = (ab; b�1); 
 = (a; b�1):The 
orresponding tra
e maps are (y; x; z), (z; y; x), and (x; y; xy � z).We also 
onsider the following elements of G: �(x; y; z) = (�x;�y; z) and�(x; y; z) = (�x; y;�z).We shall use the following notations: dÆ stands for the total degree of apolynomial in three variables, and, if  = ( 1;  2;  3) 2 C [x; y; z℄3 , deg =P3j=1 dÆ  j .Lemma 10.2.11. If  = ( 1;  2;  3) 2 G, then, for j = 1; 2; 3, we havedÆ  j � 1Proof. If, for instan
e, we had  3 = 
 2 C , then we would have  21 + 22 �
 1 2 = x2+ y2+ z2�xyz� 
2, whi
h is impossible, for the left handside isredu
ible whereas the right handside is not.Lemma 10.2.12. The set L = � 2 G �� deg = 3	 is the group generatedby ��, �� , and �.Proof. Let us 
all the variables x1, x2, and x3 instead of x, y, and z. Wehave  j = `j + hj , where `j is linear and hj 2 C . We have3Xj=1(`j + hj)2 � 3Yj=1(`j + hj) = x21 + x22 + x23 � x1x2x3:Looking at terms of degree 3 gives `j = kjx�(j), where � is a permutation,kj 2 C , and k1k2k3 = 1. Looking at quadrati
 terms gives h1 = h2 = h3 = 0and k21 = k22 = k23 = 1. The result follows easily.Lemma 10.2.13. If  2 G is su
h that deg > 3, there exits � in h�; �; 
i,the group generated by �, �, and 
, su
h that deg�� Æ  < deg .



336 10. Polynomial dynami
al systems asso
iated with substitutionsProof. By repla
ing  by �� Æ  , where � is a suitable element of h�; �i,we may suppose dÆ  3 � dÆ  2 � dÆ  1. Moreover, sin
e deg > 3, we havedÆ  3 � 2.Sin
e  2 G, we have 3( 3 �  1 2) +  22 +  21 = x2 + y2 + z2 � xyz: (10.10)If we had dÆ  3 6= dÆ  1 2, the degree of the left handside of (10.10) wouldbe max(2 dÆ  3; dÆ  1 + dÆ  2 + dÆ  3) � 4;whi
h is impossible.We have dÆ  3 = dÆ  1 2 > dÆ  2. If we had dÆ( 3� 1 2) � dÆ  3, thenwe would have 2 dÆ  3 = 3, whi
h is absurd. Therefore dÆ( 3� 1 2) < dÆ  3,and deg�
 Æ  < deg .Proposition 10.2.14. G is the group generated by ��, ��, �
 , and �.Proof. Apply Lemma 10.2.13 repeatedly and 
on
lude by using Lemma10.2.12.Proposition 10.2.15. For an endomorphism � of � , Q� = 1 if and only if� is an automorphism.Proof. Q� = 1 is equivalent to �� 2 G. Due to Proposition 10.2.14 and to
ommutation relations����� = �; ����� = �; ����� = ����� = ��;there exists � 2 h�; �; 
i su
h that �� Æ �� 2 h�; �i. Then Lemma 10.2.8and 10.2.9 and Proposition 10.2.10 show that � Æ � is an automorphism.Corollary 10.2.16. AutF = h�; �; 
i.Proof. If � 2 AutF , then �� 2 G. So, there exists � 2 h�; �; 
i su
hthat �� is an inner automorphism or an inner automorphism 
omposed with(a�1; b�1). But, as (a�1; b�1) = (�
)2, the 
orollary will be proved on
e wehave shown that an inner automorphism is in h�; �; 
i. It is easily 
he
kedthat, if iW stands for the inner automorphism V 7! WVW�1, we have ia =�
��
�
��
 and ib = �ia�.For further properties of tra
e maps, see [325℄.10.2.3 Tra
e maps (n-letter alphabet)Three-letter alphabet. If ' is a representation of �A in SL(2; C ), we de�ne[T ℄' to be the following 
olle
tion of tra
es:



10.2 Tra
e maps 337� tr'(A1); tr'(A2); tr'(A3); tr'(A2A3); tr'(A3A1);tr'(A1A2); tr'(A1A2A3)�and re
all the de�nitions of several polynomials�(X;Y; z) = z2 � p(X;Y )z + q(X;Y )where p(X;Y ) = x1y1 + x2y2 + x3y3 � x1x2x3andq(X;Y ) = x21+x22+x23+y21+y22+y23�x1x2y3�x2x3y1�x3x1y2+y1y2y3�4(as previously, X stands for the 
olle
tion of x's, and similarly for Y ).Let V be the hyper-surfa
e in C 7 the equation of whi
h is �(X;Y; z) = 0.It 
an be seen that any point of V is of the form [T ℄' (see [325, 324℄).Proposition 10.1.3 (or the 
orollary to Proposition 10.1.6), shows that, forany W 2 �A, there exits a polynomial PW su
h that tr'(W ) = PW ([T ℄')for any representation '. As we have already observed, this polynomial isno longer unique. It is indeed de�ned up to the addition of a multiple ofpolynomial � (i.e., modulo the ideal I generated by �).Now, if we have an endomorphism � of �A, we 
hoose a 
olle
tion ofpolynomials�� = �P�(A1); P�(A2); P�(A3); P�(A2A3); P�(A3A1); P�(A1A2); P�(A1A2A3)� :This �� de�nes a map from C 7 to V , the restri
tion of whi
h to V does notdepend on the di�erent 
hoi
es. Indeed, this is this map from V to V whi
his the tra
e map and whi
h we 
all �� . As previously, [T ℄(' Æ �) = ��([T ℄')for any ', and ��Æ� = �� Æ �� .In order to show that, as previously, there exists an algebrai
 sub-manifold
 of V whi
h is globally invariant under any �� , we need the following lemmaof whi
h we omit the proof.Lemma 10.2.17. Three matri
es A1, A2, and A3 in SL(2; C ) have a 
om-mon eigendire
tion if and only if �(X;Y; z) = �(x1; x2; y3) = �(x2; x3; y1) =�(x3; x1; y2) = 0 and p(X;Y )2 � 4q(X;Y ) = 0, wherez = trA1A2A3; X = (x1; x2; x3) = (trA1; trA2; trA3);and Y = (y1; y2; y3) = (trA2A3; trA3A1; trA1A2):Let 
 be the manifold asso
iated with the ideal J generated by thepolynomials �, �(x1; x2; y3), �(x2; x3; y1), �(x3; x1; y2), and p2 � 4q.Then an argument similar to the one used in the proof of Proposi-tion 10.2.3 shows that 
 is invariant under any �� .



338 10. Polynomial dynami
al systems asso
iated with substitutionsn-letter alphabet. When n is larger than 3, some 
ompli
ations o

ur andthe situation is less easy to des
ribe. In view of the 
orollary to Proposi-tion 10.1.6, we need n(n2 + 5)=6 variables. The ideal I of relations betweenthese variables is no longer prin
ipal. The tra
e maps take the variety V ofI to itself. They still leave globally invariant a sub-variety 
 of V de�ned byan ideal J the de�nition of whi
h 
omes from expressing that n elements ofSL(2; C ) have a 
ommon eigendire
tion.10.3 The 
ase of 3� 3-matri
esIf M is a 3� 3-matrix, the Cayley-Hamilton identity 
an be written asN3 � (trN)N2 + 12�(trN)2 � trN2�N� 16(trN)3+ 12(trN)(trN2)� 13 trN3 = 0: (10.11)So, by trilinearization, ones get the formulaX� N�(1)N�(2)N�(3) � (trN�(1))N�(2)N�(3)+ 12(trN�(1))(trN�(2))N�(3)� 12(trN�(1)N�(2))N�(3) � 16 trN�(1)N�(2)N�(3)+ 12(trN�(1)) trN�(2)N�(3)� 13(trN�(1))(trN�(2))(trN�(3)) = 0;where the summation runs over the permutations � of f1; 2; 3g and whereN1; N2, and N3 are arbitrary 3 � 3-matri
es. If in this formula one takesN1 = N2 =M and N3 = N, one getsMNM+M2N+NM2 = (trN)M2 + (trM)(NM+MN)� (trM trN� trMN)M� 12�(trM)2 � trM2�(N� trN)+ trM2N� trM trMN: (10.12)Let A = fa; bg be a two-letter alphabet. Consider the subset S0 = f"g ofthe free monoid A�; of whi
h the unit " is the only element. We are going to
onstru
t by indu
tion a sequen
e Sn of subsets of An. Suppose that we knowSn. Then, Sn+1 will be the set Sn a [ Sn b from whi
h the elements ending



10.3 The 
ase of 3� 3-matri
es 339exa
tly by a3, aba, bab, b3, ab2a, ba2b, a2ba2, or b2ab2 have been removed (by\ending exa
tly", we mean, for instan
e, that a2ba is not removed). We getS1 = fa; bgS2 = fa2; ab; ba; b2gS3 = fba2; b2a; a2b; ab2gS4 = fb2a2; a2ba; b2ab; a2b2g (10.13)S5 = fa2b2a; b2a2bgS6 = fb2a2ba; a2b2abgS7 = ;De�ne S = 6[n=0Sn: (10.14)The property of the Sn's whi
h matters to us is the following. Suppose weare given a representation ' from A� in M3(C ), the ring of 3 � 3-matri
eswith 
omplex entries. Then, for anyW 2 Sn, the matri
es '(Wa) and '(Wb)
an be expressed as a linear 
ombination of the matri
es f'(V )gV 2Sn+1i=0 Si ,of whi
h the 
oeÆ
ients are polynomials, whi
h 
an be 
hosen independentof ', in the variables tr'(a3), tr'(b3), and ftr'(V )gV 2Sn+1i=0 Si . The veri�
a-tion of this property is left to the reader. It involves repeated use of (10.11)and (10.12). Also, it is important to noti
e that the tra
es of '(V ), for V 2 S6,are not involved.This 
an be summarized in the following proposition.Proposition 10.3.1. Given a word W in fa; bg�, there exists polynomialsfpV gV 2S in ten variables with rational 
oeÆ
ients su
h that, for any repre-sentation ' of fa; bg� in M3(C ), one has'(W ) = XV 2S pV (T')'(V );whereT' = � tr'(a); tr'(a2); tr'(a3);tr'(b); tr'(b2); tr'(b3); tr'(ab); tr'(ab2); tr'(a2b); tr'(a2b2)�:Lemma 10.3.2. There exists a polynomial p in ten variables with rational
oeÆ
ients su
h that, for any representation ' of A� in M3(C ), one hastr'(b2a2ba) + tr'(a2b2ab) = p(T'):



340 10. Polynomial dynami
al systems asso
iated with substitutionsProof. Multiply on the left identity (10.12) by N2M, then use (10.11)and (10.12).Lemma 10.3.3. There exists a polynomial q su
h that, for any representa-tion of A� in M3(C ), we havetr'(a2b2ab) tr'(b2a2ba) = q(T'):Proof. By multiplying (10.12) on the right by L, one getstrMN trML = trMNML+ trM2NL+ trM2NL� trN trM2L� trL trM2N� (trM)(trMLN+ trMNL)+ trM trN trML+ trM trL trMN+ 12�(trM)2 � trM2�(trNL� trN trL):By putting M = '(ab), N = '(a2b2), and L = '(ba2b) in the pre
edingidentity, one getstr'(b2a2ba)� tr'(a2b2ab) =p1(T') tr'(b2a2ba) + p2(T') tr'(a2b2ab) + p3(T'); (10.15)where p1, p2, and p3 are polynomials in ten variables.Then, by repla
ing in (10.15) the matri
es '(a) and '(b) by their trans-pose, one getstr'(b2a2ba)� tr'(a2b2ab) =p2(T') tr'(b2a2ba) + p1(T') tr'(a2b2ab) + p3(T'): (10.16)By adding (10.15) and (10.16) and taking Lemma 10.3.2 into a

ount, onegets tr'(b2a2ba)� tr'(a2b2ab) = 12�p1(T') + p2(T')�+ p3(T'):Let us 
onsider the following polynomial in eleven variables with rational
oeÆ
ients � = �2 � p� + q;where p and q are de�ned in Lemma 10.3.2 and 10.3.3. It results from theselemmas that, for any homomorphism ' of �ha;bi in M3(C ), the roots of�(T'; �) are tra2b2ab and tr b2a2ba.Proposition 10.3.4. The polynomial � is irredu
ible on C .



10.4 Comments 341Proof. Consider the homomorphism ' of �ha;bi in M3(C ) so de�ned'(a) = 0�0 t 00 0 t�11 0 0 1A and '(b) = 0�0 1 00 0 11 0 01A :It is straightforward to 
he
k that T' = (0; 0; 3; 0; 0; 3; 0; x; x; 0), p(T') =x2 � 3, and q(T') = 2x3 � 6x2 + 9, where x = 1 + t + t�1. This gives(p2 � 4q)(0; 0; 3; 0; 0; 3; 0; x; x; 0) = (x� 3)3(x+ 1).If � were not irredu
ible, the polynomial p2 � 4q would be a square andso would be the polynomial (p2�4q)(0; 0; 3; 0; 0; 3; 0; x; x; 0), whi
h it is not.Proposition 10.3.5. For any W 2 �ha;bi there exists a polynomial PW withrational 
oeÆ
ients in eleven variables su
h that, for any homomorphism 'from �ha;bi to M3(C ), one hastr'(W ) = PW (T'; tr'(a2b2ab)):This polynomial is unique modulo the prin
ipal ideal generated by �.Proof. The existen
e of PW results from Proposition 10.3.1 and Lemma10.3.2. Its uniqueness modulo � 
omes from the fa
t that the derivative ofthe mapping ' 7�! (T'; tr('(a2b2ab))) is of rank 10 at some ', for instan
efor ' su
h that '(a) = 0�1 1 00 1 20 0 11A and '(b) = 0�1 0 03 1 00 4 11A :As in the 
ase of 2 � 2-matri
es, one 
an de�ne a tra
e map asso
iatedwith an endomorphism of �ha;bi: it is a polynomial map of the variety of h�iinto itself.10.4 CommentsFri
ke formula and the 
orollary to Proposition 10.1.4 (Fri
ke lemma) appearin [175℄, but were also stated by Vogt in 1889.Proposition 10.1.3-1 has been stated by Fri
ke [175℄ and proved byHorowitz [208℄. Sin
e then, it has been redis
overed several times: Allou
heand Peyri�ere [20℄ for n = 2, for general n by Kol�a�r and Nori [246℄ (althoughthey gave a formula involving a number of tra
es mu
h larger than 2n � 1 ),and Peyri�ere et al. [325℄.Traina [427, 428℄ gave an eÆ
ient algorithm for 
omputing PW in the 
aseof a two-letter alphabet; also in this 
ase Wen Z.-X. and Wen Z.-Y. [441℄ de-termined the leading term of PW . Pro
esi [332℄ and Razmyslov [348℄, instead
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al systems asso
iated with substitutionsof 
onsidering relations between tra
es only, used more general polynomialidentities. This gives simple algorithms for 
omputing polynomials PW withan arbitrary alphabet. This is this method whi
h is exposed here.Proposition 10.1.6 and its 
orollary appear in Avishai, Berend and Glaub-man [48℄.The tra
e map appears in Horowitz [209℄. It has also been redis
overed anumber of times: by Kohmoto et al. [312℄ in the 
ase of Fibona

i, by Allou
heand Peyri�ere [20℄ and Peyri�ere [322℄ for n = 2, by Peyri�ere et al. [325℄ forn > 2 .Proposition 10.2.3 essentially appears in Horowitz [209℄. It has also beredis
overed. Kol�a�r and Ali [245℄ 
onje
tured it after having used a 
om-puter algebra software. The proof given here appears in Peyri�ere [322℄. For ageneralization, see [326℄Results in Se
. 10.2.2 
an be found in Horowitz [209℄ and Peyri�ere etal. [325℄. For re
ent developments, see Wen &Wen [444, 443℄: they prove thatQ�(2; 2; z) � 1 implies that � is an automorphism; they show that, on a two-letter alphabet, invertible substitutions (i.e., morphisms of the free monoidwhi
h extend as automorphisms of the free group) are generated by threesubstitutions.The stru
ture of the ideal I, for a four-letter alphabet, is studied byWhittemore [450℄ and 
ompletely elu
idated by Magnus [271℄ for an arbitraryalphabet. It also results from Magnus [271℄ that, for a n-letter alphabet, one
an use 3n� 3 variables only in tra
e maps with the 
ounterpart that �� isa rational map instead of being a polynomial one. See also [324℄For a study of the quotient ring modulo I (the ring of Fri
ke 
hara
ters)see Magnus [271℄.Polynomial identities for p � p-matri
es are studied by Pro
esi [332℄,Razmyslov [348℄, and Leron [258℄. Wen Z.-X. [440, 441℄ gives some algorithmsfor getting su
h identities. He also 
onstru
ts a tra
e map for 3� 3-matri
esand a two-letter alphabet. This is his derivation whi
h is given in this 
ourse.For basi
 referen
es on free groups, see [272, 307, 308, 309℄.


