10. Polynomial dynamical systems associated
with substitutions

It is natural, in many situations related to physics or geometry, to study
representations of the free group with values in SL(2,C). Conjugate repre-
sentations just differ by a change of coordinates, so one should be interested
in quantities invariant by conjugacy; the trace is one such quantity, so that,
for a representation ¢, one is interested in studying tr ¢(W), for an element
W of the free group.

For instance, consider the following problem. Given two complex 2 x 2-
matrices Ay and By with determinant 1, define, for n > 0, A, 11 = A,,B,
and B,;1 = B,A,, (in other words, A, is a product of 2”1 matrices, the
factors being chosen according to the beginning of the Thue-Morse sequence).
How to compute the traces of A,, and B,,?

One can obtain (tr A, tr Bn,trAan) by iterating the function & :
(z,y,2) — (2,2,2yz — 22 — y? + 2). To be more precise, one has

(tr A, ,tr By, tr Ay Bn+1) = sﬁ(tr A, ,trB,, tr Aan) .

Had we defined A, +; = A,B,, and B,, = A,, (this time using the Fi-
bonacci substitution), we would have obtained

(tr A1, tr By, tr An+1Bn+1) = (tr A,B,, trA,,trA,trA,B,, —tr Bn) .

This behavior is general: given a substitution ¢ on the two-letter alphabet
{Ay,Bg}, there exists a polynomial map @ from C? into itself such that, if
A, =0"(Ap) and B,, = 0™(By), one has (tr Api,tr By, tr An+1Bn+1) =
@(tr A, ,trB,, tr Aan).

Of course, to find such a recursion relation, one could think of expressing
the eight entries of Aj;1; and B;4; in terms of those of A; and Bj, and then
getting, by elimination, a recursion relation linking nine successive values of
tr Aj. As a matter of fact, on the one hand, this method is not so bad: had
we considered a recursion involving n matrices, we should have obtained a
recursion relation, the length of which grows linearly in n, for the traces. On
the other hand, eliminating variables could be an untractable operation, even
when using computer algebra software. Besides, this method gives no idea of
the algebraic properties of these recurrence formulae.

! This chapter has been written by J. Peyritre
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Another way of operating, which is developed here, is to exploit polyno-
mial identities in rings of matrices. This will provide an effective algorithm
for constructing such recursion relations for traces, the so-called trace maps.
Besides, these trace maps exhibit very interesting algebraic and geometric
properties.

More generally, given a representaion ¢ in the case of the free group I
on two elements with generators a, b, for any element W € I, there exists a
unique polynomial Py (z,y, z) such that

tr o(W) = Py (tr ¢(a) tr ¢(b), tr ¢(ab));

in other words, the trace of any product of 2 matrices A, B can be computed
by using only tr A, tr B,tr AB. Hence, the traces of the representation is
completely determined by [T'], = (tr ¢(a), tr ¢(b), tr ¢(ab)) € C.

An object of particular interest are free subgroups of SL(2,C) whose
generators A, B have a parabolic commutator (that is, ABA !B~ has trace
2, or A and B have a common eigenvector). A computation shows that the
polynomial Py associated with the word W = aba~'b~!, as defined above,
is Py (z,y,2) = 22 + 42 + 22 —wyz — 2 = Nw,y,2) + 2, where \(z,y,2) =
2?4+ y?+ 22 —xyz—4. Hence, these free subgroups are given by representations
¢ such that A([T],) = 0.

In Chap. 9, we studied endomorphisms o of the free group; for any rep-
resentation ¢ whose image is a free group, such an endomorphism gives rise
to a new representation ¢ o ¢, and, by the above, one can find a polynomial
map &, : C2 — C* such that [T]y0r = @, ([T]). We will show that X o &,
is always divisible by A, and equal to A if ¢ is an automorphism. Thus, we
recover a dynamical system on the surface A(z,y,z) = 0 associated with the
automorphisms of the free group I5.

More is true: in Chap. 9, we saw that the inner automorphisms are exactly
those whose abelianization is the identity. We will prove here that they are
also exactly the automorphisms ¢ such that &, = Id.

It is of course tempting to try to generalize, by increasing the number of
letters, or the dimension. Indeed, when dealing with more than two matrices,
the situation is more complex. This time, one gets for @ a polynomial map
from a certain affine algebraic variety into itself. We will show some results in
this direction, but everything here becomes more difficult, as we saw already
in Chap. 9.

The case of representations ¢ with value in SL(2, R) such that A([T]y) =0
is of particular geometric interest. Indeed, consider a once-punctured torus
with an hyperbolic metric; such a torus is obtained as a quotient of the
hyperbolic plane under the action of a free subgroup of SL(2,R) of rank
2 whose generators have a parabolic commutator, and it is classical that
the conjugacy classes of such groups, with given generators, parametrize the
Teichmiiller space of the once-punctured torus. In fact, the elements [T,
offer an explicitation of this parametrization, as will be proved below.
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One is also interested in the modular space: one would like to forget the
particular set of generators of the group. A change of generators is nothing
but an automorphism ¢ of the free group, and this is done, at the level of
the parametrization, by the polynomial map @, . Hence the modular space is
the quotient of the surface A(z,y,z) = 0 by the action of the automorphism
group, via @,. Since the action of the inner automorphism group is trivial,
one obtains an action of the outer automorphism group, which is isomorphic
to SL(2Z).

We recover, in a completely different way, something very similar to the
modular surface discussed at the end of Chap. 6. This is just the beginning
of a long story: it may be proved that the modular surface of the compact
torus and of the once-punctured torus are isomorphic in a canonical way; the
once-punctured torus (whose fundamental group is I») can be seen as a non-
commutative version of the compact torus (whose fundamental group is Z?);
the group of automorphisms of the free group in the first case plays the role
of SL(2,Z) in the second, and the linear representations we consider enter
naturally by considering geometric structures, instead of considering lattices
as we did in Chap. 6. It turns out that continued fractions and Sturmian
sequences also enter naturally in the hyperbolic version of the theory (for
example, by way of the parametrization of geodesics without self-intersection
on the hyperbolic once-punctured torus).

The trace maps are also useful in studying certain physical problems,
namely the heat or electric conduction in one-dimensional quasicrystals, mod-
eled as chains of atoms disposed according to a substitutive sequence.

These trace maps have been widely used and studied from the point of
view of iteration. But applications as well as the dynamical properties of trace
maps are not within the scope of this chapter, which only aims at defining
these dynamical systems.

Part of the material of this chapter comes from [323]. In the same volume,
which is the proceedings of a school on quasicrystals and deterministic disor-
der, one can find, besides mathematical developments, many courses showing
the importance of finite automata and substitutive sequences for modeling
and describing certain situations in condensed matter physics.

The main additions to the lecture given at Les Houches School in Con-
densed Matter Physics [323] are the following: the proof that @, = 1 char-
acterizes automorphisms, and the trace maps for 3 x 3-matrices.

10.1 Polynomial identities in the algebra of
2 X 2-matrices

10.1.1 Some identities for 2 X 2-matrices

In this section upper case letters will stand for 2 x 2-matrices the entries
of which are complex numbers. The basic identity is given by the Cayley-
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Hamilton theorem:
A? — (tr A)A +Tdet A =0, (10.1)

where I is the identity matrix of order 2, and tr A stands for the trace of A.
As a consequence, one has

A" =py(trA,det A)A — pp,—1 (tr A,det A) (det A) I,

where p,,’s are polynomials in two variables, independent of A, with integer
coefficients. If A is invertible, such a formula is also valid for negative n.
The polynomials p,,’s are closely related to the Chebyschev polynomials of
the second kind. Indeed, if variables are denoted by z and u, we have the
following recursion formula: py,+1 = xp, — upp—1, from which it results that
Pn(2cos @, 1) = sinngp/ sin p.

One has det A = Ay = [(A+p)> — (N> +p?)] /2, if X and p are the
eigenvalues of A. Therefore the Cayley-Hamilton relation can be rewritten
as

1
A’ —AtrA+ 3 [(trA)*> —tr A’] I =0.

This form allows bilinearization: writing this formula for A, B, and A+ B,
one gets

AB+BA =trAB— (trA)(trB) + AtrB+ Btr A (10.2)

(we dropped the identity matrix I as, from now on, we identify scalars and
scalar matrices). As this identity is a polynomial identity with integral coef-
ficients linking the entries of matrices A and B, it is valid for matrices with
entries in any commutative ring.

By using (10.2), one gets A(AB+BA) = (tr AB—trAtrB) A+ A% tr B+
ABtrA. Then ABA = (trAB—trAtrB)A+ A?trB+ ABtrA — A’B =
AtrAB + (A2 —AtrA)trB — (A? — A tr A)B. Finally, we get the formula

ABA =AtrAB +Bdet A —detAtrB (10.3)

which will be useful later.

For the sake of simplicity, we shall mostly deal with complex matrices
having determinant 1, i.e., elements of SL(2,C)).

Proposition 10.1.1. Ifmy,ny,ms,ny, -+ , My, N S a sequence of integers,
there exist four polynomials p, q, v, and s in three variables with integer
coefficients such that, for any pair of matrices A and B in SL(2,C), one has

A™BMA™B™ ... A™*B™ = p(tr A,trB,tr AB) +
qitr A, trB,tr AB) A +
r(tr A,trB,tr AB)B +
s(tr A, tr B,tr AB) AB.
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Proof. By using repeatedly the Cayley-Hamilton theorem for A and B,
one is left with a linear combination with polynomial coefficients of I, A,
B, AB, BA, and of products of the form ABA --- or BAB:-.. Then by
using the Cayley-Hamilton theorem for AB and BA, one is left with a linear
combination of I, A, B, AB, BA, ABA, and BAB. We conclude by using
(10.2) and (10.3). ]

Corollary 10.1.2. Given m’s and n’s as in Proposition 10.1.1, there exists
a unique polynomial P in three variables with integer coefficients such that,
for any pair (A, B) of unimodular 2 X 2-matrices, one has

tr A™B™ ... AT"*B™ = P(tr A,tr B,tr AB).

Proof. The existence results from the above proposition. The uniqueness
follows from the fact that (tr A,tr B,tr AB) can assume any value (z,y, 2).
To see this, just take

z 1 0 t
A_<_10> and B—<Z+ty>
with ¢(z +t) +1=0. |

Remark. Had we not restricted the determinants of A and B to be 1, the
trace of the product above would have been expressed as a polynomial in the
five variables tr A, tr B, tr AB, det A, and det B.

Ezamples. Let A and B be two unimodular 2 x 2-matrices, + = tr A,
y=trB, z =tr AB.

1.

(AB - BA)? = (AB)’ + (BA)> — AB’A - BA’B

2(AB+ BA) -2 - yABA — 2BAB + A? + B?

=z(z—2zy+yA+2B)-2—-y(zA+B—y)
—z(zB+ A —z)+zA+yB -2

=22 +y? 4+ 22 —ayz — 4.

This result is not surprising because tr(AB — BA) = 0. The polynomial
A,y 2) =a° +y* + 2> —wyz — 4 (10.4)

will play an important role in the sequel. The above formula says that
the determinant of AB — BA is —A(z,y,2). This is an easy exercise
in linear algebra to show that det(AB — BA) = 0 if and only if the
matrices A and B have a common eigendirection. Indeed, let e be a
non-zero element in ker(AB — BA). If e and Ae are independent, then
(AB —BA)Ae = AABe — BAAe = z(AB — BA)e = 0, which means



326 10. Polynomial dynamical systems associated with substitutions

that AB = BA (recall that we are here in dimension 2). If Ae = pe,
then pBe = ABe, which means that, if A # pl, there exists p’ such that
Be =/pe.

Thus A and B have a common eigendirection if and only if A(z,y,z) = 0.
2.

ABA 'B ' = AB(z - A)(y — B)
= (AB)? + 7yAB — yABA — 7AB?
= (AB)* + 7A —yABA
=zAB -1+ (z—y2)A—y(B —y)
=2AB + (z —y2)A —yB + ¢ — 1.

Therefore tr ABA !B~ ! = \(z,y,2) + 2. n

We now turn our attention to formulae involving more than two elements
of SL(2,C). As a consequence of (10.2), we have the following proposition.
Proposition 10.1.3. If{A;},_,, are elements of SL(2,C), then

1. any product constructed from these matrices or their inverses, can be
written as a linear combination of the 2™ matrices Ay Ay, --- Ay, (0 <
k<n, iy <iy<---<ig) ! the coefficients of which are polynomials in
the 2™ — 1 variables tr A;  A;, --- Ay, (1< k<n, i3 <iy <---<iy),

2. the trace of such a product can be expressed as a polynomial with integer
coefficients in the 2™ — 1 traces defined above.

We now turn to formulae which involve three matrices A;, Ao, and Ag
in SL(2,C). Let 1, =2, x3, Y1, Y2, and y3 denote the traces of Ay, Ay, Ags,
A2A3, A3A1, and A1A2.

Define the following polynomials:

p(X,Y) = ziy1 + Tay2 + 23Y3 — T17203 (10.5)

¢(X,Y) =2} + 23 +ai +yi +yi +y3
— T1X2Y3 — TaT3Y1 — T3T1Y2 + Y1Y2Ys — 4 (106)

where X stands for the collection of z’s and similarly for Y.

Proposition 10.1.4 (Fricke lemma). One has

1. tr(A1A2A3) + tI‘(AlAgAQ) = p(X, Y)
2. tI'(AlAzAg) tr(AlAgAz) = q(X, Y)

L Of course, for k = 0, this product should be interpreted as the identity matrix.
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Proof. To prove assertion 1, write AjA2As + AjAzAy = Aj(AzA;s +
A3A>) and use (10.2).

To prove assertion 2, write [A1 (A2A3) Al] A3A2 = A1 A.2 (A3A1A3) A.2
and use (10.3) twice. We obtain

A1A3A2 tI‘(AlAQAg) + AQA%AQ - y1A3A2 =
Y2A1AsA5A, + (A1As)° — 21 A AL

By reducing further, we get

A1 Az A tr(A1AzA5) = -2+ ﬂfé +yi — y1223 + (21 — y2w3) A1 + T2A5
—(x3 — y1@2) Az + (y1y2 + Y3 — 2122) A1 As + Y2 A1 As — y1 AsAg,

from which assertion 2 follows by taking the trace. ]

Corollary 10.1.5. tr(A;AsA3) and tr(A;AszAs) are the roots of the equa-
tion
2?2 —p(X,Y)z +¢(X,Y) =0.

This leads to define a polynomial in seven variables

This corollary means that variables z’s, y’s, and z = tr(A;A»As) are not
independent. Indeed the set of polynomials P, in seven variables with integer
coefficients such that, for any triple {A;}, .5 of elements of SL(2,C), one
has T

P(tI'Al,tI'Az,tl“A3,tI’A2A3,tI’A3A1,tI'A1A2,trA1A2A3) = 0,

is an ideal containing A. It can be shown that this ideal is generated by
A. Therefore, the polynomial the existence of which is asserted in Proposi-
tion 10.1.3-2 is not unique when n > 2. In the case n = 3 it is defined up to
a multiple of A.

Proposition 10.1.6. Let z stand for tr AyAsAsz. One has

2A1A5A; =z — x1y1 — x3y3 + 120w + (Y1 — T323) A1 — y2An
+(y3 — $1$2)A3 + £U3A1A2 + .’,L'2A1A3 + £U1A2A3 .

Proof. In A;(A2A3), commute A; and AyAj by using (10.2). We get,
among other terms, —A3A3A;. By using (10.2) twice, on can make A; to
jump over Az and As. So A; Ay A3 can be written as —A; Ao Ag plus a linear
combination of I, A;, Ao, As, and products of two such matrices. [

Corollary 10.1.7. If n is larger than 3 and {A;},_;_, are elements of
SL(2,C), then o
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1. any product constructed from these matrices or their inverses, can be
written as a linear combination of the matrices I, A; (1 <i < n), and
A, A, (1 <1y <is < mn), the coefficients of which are polynomials in
the variables tr A; (1 < i < n), trA A, (1 < i1 < iz < n), and
tI‘AilAizAig (]. <i1—1<ia<13 < n)

2. the trace of such a product can be expressed as a polynomial with rational
coefficients in the n(n® + 5)/6 traces defined above.

This last corollary is a significant improvement on Proposition 10.1.3 when
n is larger than 3.

As a matter of fact, one can go further reducing the number of traces
needed. It results from [271] that the trace of a product of the kind considered
above can be expressed as a rational fraction in the variables tr A; (1 <i <
n), tr A;A; (1<j, 1<i<3, 1<j<n),and trA;AyA;z (see also [324]).

10.1.2 Free groups and monoids

Let A= {A;,As,---,A,} be a finite set called alphabet.

Free semi-group generated by A. Let A* be the set of words over the
alphabet A. Recall that the product W1W; of two of its elements is just the
word obtained by putting the word W, after the word W;. This operation
is called concatenation. It is associative and has a unit element, the empty
word, denoted by e. The set A* endowed with this structure is called the free
semi-group or free monoid generated by A.

Free group generated by .A. We perform the same construction as above
with the alphabet {41, As, -+, A,, A7',--+, A1}, but we introduce the
following simplification rules:

AjA}l = A;lAj =¢£ (for 1 S] S n)

We obtain a group? which we will denote by I'4 and call the free group
generated by A.

In the case of a two-letter alphabet, I', 33 will be simply denoted by I'.

Abelianization map. The notations defined for the free monoid extend to
the free group: if W is an element of I'4 and a € A, |W|, stands for the sums
of exponents of a in W (one can easily be convinced that |W|, only depends
on W and not of the particular word used to represent it). Moreover, |W|,
is independent of the order of the factors in W. Recall that the mapping
Wi— (W) = (|W|a,, - ,|W|a,) (where Ay, As,---, A, are the elements
of A) is a group homomorphism of I'4 onto Z™ known as the abelianization
map.

2 Strictly speaking, elements of this group are not words, but equivalence classes

of words.
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For instance,

laba™!|, =0 laba=!], =1

labta 2|, = -1 |ab~la 72|y = —1.

Representations in SL(2,C). A representation of A* or I'4 in SL(2,C)
is a mapping ¢ from A* or I'4 into SL(2,C) such that

(W1 Wa) = p(W1)p(Wa)

for any Wy and W5 in A* or I'4.

Such a representation is determined by the values A; of ¢(A;) for j =
1,2,--- ,n. Computing @(W) simply consists in replacing each letter in W
by the corresponding matrix.

10.1.3 Reformulation in terms of polynomial identities algebras

The following proposition is mainly a reformulation of the corollary to Propo-
sition 10.1.1.

Proposition 10.1.8. For any W € I', there exists a unique polynomial Py
with integer coefficients such that, for any representation ¢ of I' in SL(2,C),
one has

tr (W) = Pw (tr p(a), tr o(b), tr ¢(ab)) .
Moreover, if { W1) = 1(Ws), the polynomial Py, — Py, is divisible by \.

Proof. We only have to prove the second assertion. Consider a representa-
tion ¢ such that the matrices A = ¢(a) and B = ¢(b) share an eigenvector.
As these matrices are simultaneously trigonalizable, the trace of a product
of A’s and B’s does not depend on the order of factors. This means that
tr p(W7) = tro(Ws). In other terms, we have Pw, (z,y,2) = Pw,(z,y,z) as
soon as A(z,y, z) = 0. The conclusion then follows from the irreducibility of
A ]

According to Horowitz [209], polynomials Py are called Fricke characters
of I'.

The following notation will prove to be convenient: if ¢ is a representation
of I'in SL(2,C), set

[T)e = (tr w(a),trp(b), tr np(ab)). (10.8)

With this notation, the equation of definition of Py is tr (W) = Pw ([T]e).

The reader may wonder whether it was necessary to replace lower case
letters by upper case ones (i.e., to replace a letter by its image under a repre-
sentation) in the previous calculations. Indeed, this is not compulsory. If we
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analyze what we have done, we have just considered a and b to be generators
of an algebra on the ring Z[z,y, 2], subject to the following relations:

a’?—2a+1=0, 0> —yb+1=0,and ab+ba =z — 2y + ya + zb.

It is an algebra with polynomial identities (a PI algebra) which we call the
Procesi-Razmyslov algebra on a two-letter alphabet. Then Proposition 10.1.1
can be interpreted as giving a homomorphism of the group algebra® of I" to
the Procesi-Razmyslov algebra.

We denote again by tr the Z[z,y, z]-linear form on this algebra which
maps 1, a, b, and ab respectively on 2, z, y, and z. Then, for any W € I,
one has tr W = Py . Moreover, it is easy to show that, if v and v are two
elements of this algebra, one has truv = trovu.

10.2 Trace maps

10.2.1 Endomorphisms of free groups

A map o from I'4 to Iy is an endomorphism of Iy if, for any Wy and Wy
in I'4, one has
O'(W1W2) = O'(W1)0'(W2) -

In the case where none of the words o(A4;) contains negative powers, o
is an endomorphism of A* and we recover the notion of substitution on the
alphabet A.

Obviously, an endomorphism o is determined by 0(4;) (j =1,2,---,n).
Hereafter we shall identify an endomorphism ¢ and the collection of words
(0(A1),0(A2), -+ ,0(Ay)).

For instance*, 0 = (ab,a) means that o is the endomorphism, so called
the Fibonacci substitution, such that o(a) = ab and o(b) = a. In this case,
as an example, let us compute o(aba™1):

o(aba™) = o(a)o(b)o(a)*

= aba(ab)™ = abab~'a"! .

The composition of endomorphisms is simply the composition of maps. This
is illustrated by the following examples:

e (ab,ba) o (ab,a) = (abba, ab),
e (ab,a) o (b,b~ta) = (b,b"'a) o (ab,a) = (a,b) (this means that, as an
endomorphism of 'y, the Fibonacci substitution is invertible).

3 This algebra is the set of finite formal linear combinations of elements of I’
endowed with the bilinear multiplication which extends the product in I'.

% In the case of a two-letter alphabet, we prefer to denote by a and b the generators
instead of A; and A,.
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Recall that the n x n-matrix M, whose entry of indices (4, j) is |o(A4;)|4;
is, by definition, the matrix of the endomorphism o.

For instance, the Fibonacci substitution matrix is <i é) , and the one of

the Morse substitution, (ab, ba), is <i })

One has, for any ¢ and W,
(o(W)) = ML(W)
and, for any pair of endomorphisms,

Mg, o6, = My, X M, .

10.2.2 Trace maps (two-letter alphabet)

Recall that I" stands for the free group on the two generators a and b.

Definition of trace maps. Let ¢ be an endomorphism of I'. We define the
trace map associated with o to be

b, = (Pa(a),Pg(b),Pg(ab)) . (10.9)
It can be considered as well as a map from C* to C3.

Let us compute the trace map for the Morse substitution o = (ab, ba). We
operate in the Procesi-Razmyslov algebra. We wish to compute (trabd, trba,
trab?a). We have trab = trba = z and ab’a = a(yb— 1)a = y(za + b —y) —
(za—1), so trab’a = zyz—y® —x?+2. At last, &, = (2,7, 3yz — 2% — y*> + 2).

Here are a few examples of trace maps.

o b,
inner automorphism | (z,y, 2)
(@b | (29.2)
(b,) | (y.2.2)
(ab,b7%) | (2,9, %)
(70’ ! (y,x,xy—z)
(aba a) (Za T, Tz — y)
(bab 1a) (y,xy—z,x)
(ab,ba) | (z,z,2yz — x> — y*> + 2)
(aba,b) | (zz —y,y,2% —2)
(a®b,ba) | (xz — vy, 2z, 2%yz — 2 — 2y®> — yz + 31)
(aab,bab) | (zz —y,yz — z,vyz> — (2% + y% — 1)2)

First properties of trace maps.

Proposition 10.2.1. For any endomorphisms o and T of I', we have @y0r =
b .o0d,.
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Proof. We have the following characterization of @,: for any representa-
tion ¢,
[T](p o 0) = 2:([T]p).

The proposition then results from
Poor([T1p) = [T](pooor) =2, ([T](po0)) =P 0P ([T]p).
]

Corollary 10.2.2. For any endomorphism o of I', and for any W € I', one
has
Pa-(W) = PW o ¢a-

Proof. Let 7 be the endomorphism (W,b). Then P,y is the first com-
ponent of @,,,, i.e., the first component of ¢, composed with &, .

As a consequence, if o has a fixed point W, the corresponding trace map
&, leaves the surfaces of Py (x,y,z) = constant globally invariant. ]

If o is invertible, then @, o &,-1 = id. Taking the Jacobian, we get
det (@, o ®,—1)det (P _.) =1.

As these determinants are polynomials with integer coefficients, we must have
det ! =1ordetd, = —1.
As an example, consider the Morse substitution for which we have

0 0 1
P = 0 0 1
Yz — 2x xz — 2y xy

The corresponding determinant is 0, so the Morse substitution is not invert-
ible.

Let us consider another example: o = (aba,b). Then

The determinant equals 222, therefore ¢ is not invertible.

Proposition 10.2.3. For any endomorphism o of I, there exists a polyno-
mial Q, with integer coefficients such that

Nod, =\-Q,.
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Proof. Let z, y, and z be such that A(z,y,z) = 0 and z # 0. Choose
unimodular matrices A and B such that trA =z, tr B = y, and tr AB =
z, and consider the representation ¢ defined by ¢(a) = A and ¢(b) = B.
As A and B share an eigenvector, so do ¢(co(a)) and ¢(o(b)). So we have
AT (¢ 00)) =0. Therefore A\(z,y,z) = 0 implies A ($,(x,y,2)) = 0. Since A
is irreducible, it divides A o @,. [

As a consequence, any @, leaves globally invariant the surface {2 the
equation of which is A(z,y,z) = 0. Moreover, the restriction of &, to {2 only
depends on M,,.

Lemma 10.2.4. For any o, we have Q,(0,0,0) =0 or 1.

Proof. This is checked by testing on matrices (_01 (1)> and <(z) 6) ]

Proposition 10.2.5. If o and 7 are endomorphisms, we have
Quor = Qo - Qr 0P, .
Proof. We have
A Quor = Ao ®yor = (Ao B,) 0By = No®, - Qr 0B, =\-Qy-Qr 0B, .
]

Corollary 10.2.6. If o is invertible, then Q, = 1 and @, leaves globally
invariant each surface A(x,y,z) = constant.

Characterization of automorphisms of I' in terms of Q.. In this
section, if W € I', we shall also denote the polynomial Py by tr W. Let us
set tra = x, trb = y, and trab = z. As we have seen in Sec. 10.1.1, we have
tra™ = up(x)a —up—1(x) for n € Z, where the polynomials u,, satisfy ug = 0,
ur(z) =1, and upt1(2) + up—1(x) = uy(z).

Two elements W and W' of I'" are conjugate if there exists V' € I" such
that W' = VWV L. In this case, we have tr W = tr W',

Any W € I is conjugate to €, a™, b", or to a™1b™ a™2p"2 - - - a™*h"* with
H§:1 mjn; # 0 (such a form will be called a cyclic reduction of ). In the
latter case, we shall say that k is the width of W, otherwise the width of W
is 0.

Lemma 10.2.7. If W € I', the degree, d5 Pw, of Pw with respect to the
variable z equals the width of W.
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Proof. It goes by induction on the width k of W. This is true for k = 0.

Suppose that £ > 1 and the lemma is true for any word of width less than
k. Consider W = @™ p"1g™2p"2 ... a™*p™*  and write W = a™ " W'. One
has W = a™b™ a™ a~™ W'. Equality (10.3) shows that

W = [aml tra™ b — b*’“] a ™MW’
=W tra™bo™ — b a”™mW'.

But, the second term of the last equality has a width less than k. One has
a™b™ = (U, ()@ — Uy —1(2)) (Uny ()b — tp,—1(y)), from which it results
that dgtra™d™ = 1. Therefore, dStr W = dStr W’ + 1. This proves the
lemma. ]

Lemma 10.2.8. If W € I' is such that trt W = az, with « € Z, then a = 1
and the cyclic reduction of W is either ab or a=b—!.

Proof. If we had « = 0, the cyclic reduction of W would be €, a™, or b".
But, the trace is nonzero in any of these cases. Therefore a # 0.

So, by the preceding lemma, a cyclic reduction of W is of the form a™b"
with mn # 0. Therefore we have

az = tum(€)un(y) 2 = Y um—1 ()un(y) = € Um () tn—1(y) + 2tm—1 (€)tun-1(y)-

By looking at the coefficients of z in both sides, we get |m| = |n| = 1. It is
then easy to show that we must have mn = 1. [

Lemma 10.2.9. For W € I, if tt W = ax, then a =1 and W is conjugate
1

either to a or to a™".
Proof. Consider the following automorphism of I': ¢ = (ab,b~!). As one
has &, (z,y,2) = (z,y,x), it results from the corollary to Proposition 10.2.1
that tr o (W) = az. Then, by virtue of the preceding lemma, o = 1 and o(W)
writes V(ab)*' VL. Then, W = ¢~} (V)atto 1 (V1). [

Of course, a similar result holds if tr W = ay.

Proposition 10.2.10. Let o be an endomorphism of I'. Then &, = Id if
and only if o is either an inner automorphism of I' or an inner automorphism
composed with the involution (a=*,b™1).

Proof. Suppose &, = Id. It results from the preceding lemma that o(a) =
UaU™! and o(b) = Vb7V !, with |¢| = |n| = 1. By Proposition 10.1.8,
divides tr o(ab) —tr a®b". This implies ¢ = 1. By composing, if necessary, with
(a=t,b~1), we may suppose that ¢ =5 = 1.

We assume that the words UaU ! and VbV ! are reduced (i.e., there
are no cancellations). If U = V = ¢, there is nothing to be proved. Sup-
pose that [U| > 1 and write U = Wb", with either W = ¢ or W end-
ing with an a. Then, o(ab) = Wbmab-"W=VbV~L; so, 2 = tro(ab) =
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tr(ab™ "W 1VbV ~LWb™). This means that, once reduced, W~V does not
contain a. Therefore W1V = b*. This shows that ¢ is an inner automor-
phism.

Now we turn to the study of polynomial maps from C? to C* which leave
A invariant. Let us set

QZ{Q,ZJE(C[:U,y,Z]3 |)\o¢:)\}.

Of course G contains {450 |LT € Aut F} (by the corollary to Proposi-
tion 10.2.5).
It will be convenient to name some elements of Aut I

a=(ba), B= (abab_l)a Y= (aab_l)'

The corresponding trace maps are (y, z, z), (2,y,z), and (z,y,zy — 2).

We also consider the following elements of G: p(z,y,2) = (—z,—y, z) and
0(x,y,z) = (—x,y,—2).

We shall use the following notations: d° stands for the total degree of a
polynomial in three variables, and, if ¢ = (¢1,v2,%3) € Clz,y,2]?, degy) =

Y Ao u
Lemma 10.2.11. If ¢ = (¢Y1,¢9,93) € G, then, for j = 1,2, 3, we have
d°y; >1

Proof. If, for instance, we had ¢3 = ¢ € C, then we would have 1)} + 13 —
ey = x? + 4% + 22 — xyz — ¢, which is impossible, for the left handside is
reducible whereas the right handside is not. ]

Lemma 10.2.12. The set L = {w €g | deg) = 3} is the group generated
by D, Y3, and p.

Proof. Let us call the variables x, z=2, and x5 instead of z, y, and z. We
have ¢; = ¢; + hj, where {; is linear and h; € C. We have

3 3
Z(EJ + h’j)2 - H(ej + h]) = .’IJ% +~T§ +~’L'§ — T1T2I3.

j=1 j=1

Looking at terms of degree 3 gives ¢; = k;z,(;), where 7 is a permutation,
k; € C, and kik2ks = 1. Looking at quadratic terms gives hy = hy = hz =0
and k? = k3 = k2 = 1. The result follows easily. [

Lemma 10.2.13. If ¢ € G is such that degy > 3, there exits o in {a, 5,7),
the group generated by «, B, and v, such that deg @, oy < deg).
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Proof. By replacing ¢ by @, o1, where o is a suitable element of {(«a, §),
we may suppose d° ¥s > d° vy, > d° ;1. Moreover, since deg > 3, we have
d°¢s > 2.

Since ¢ € G, we have

Y3 (s — Prepe) + 43 + 7 = 2® +y® + 27 — ayz. (10.10)

If we had d° ¢35 # d° 111, the degree of the left handside of (10.10) would
be
max(2d°®s,d° ¢y +d° ¢ + d°¢s) > 4,

which is impossible.

We have d° 13 = d° 142 > d° 9o, If we had d° (3 — h14h2) > d° 3, then
we would have 2d° ¢3 = 3, which is absurd. Therefore d° (3 —1192) < d° 93,
and deg®, o) < deg. [

Proposition 10.2.14. G is the group generated by @, 3, P, and p.

Proof. Apply Lemma 10.2.13 repeatedly and conclude by using Lemma
10.2.12. ]

Proposition 10.2.15. For an endomorphism o of I', Q, = 1 if and only if
o is an automorphism.

Proof. ), = 1is equivalent to @, € G. Due to Proposition 10.2.14 and to
commutation relations

Spalﬂpa =pP, @30¢g = 0, @aedia = @gp(pg = p0,

there exists 7 € (a, f3,7) such that &, o &, € (p,0). Then Lemma 10.2.8
and 10.2.9 and Proposition 10.2.10 show that ¢ o 7 is an automorphism. =

Corollary 10.2.16. Aut F' = (o, 3, 7).

Proof. If o € AutF, then &, € G. So, there exists 7 € («, 3,7) such
that 7o is an inner automorphism or an inner automorphism composed with
(a=t,b7Y). But, as (a7 !,b7!) = (ay)?, the corollary will be proved once we
have shown that an inner automorphism is in {(a, 3,7). It is easily checked
that, if ¢y stands for the inner automorphism V — WVW ! we have i, =
ayfayayfay and iy = aiga. ]

For further properties of trace maps, see [325].

10.2.3 Trace maps (n-letter alphabet)

Three-letter alphabet. If ¢ is a representation of I'4 in SL(2,C), we define
[T] to be the following collection of traces:



10.2 Trace maps 337

(trop(Ar), tro(Az), tro(As), tro(AzAs), tr(As A1),
tr (p(AlAg), tr (p(AlAQAg))

and recall the definitions of several polynomials
A(X,Y,Z) = 22 —p(X,Y)Z + q(X,Y)

where
p(X,Y) = z1y1 + 22y2 + T3y3 — T122T3

and
q(X,Y) = o} + a5+ x5 +y? +y3 + Y5 — T182y3 — Taw3y1 — T3T1Y2 +Y1y2y3 — 4
(as previously, X stands for the collection of z’s, and similarly for V).

Let V be the hyper-surface in C7 the equation of which is A(X,Y, z) = 0.
It can be seen that any point of V is of the form [T]¢ (see [325, 324]).

Proposition 10.1.3 (or the corollary to Proposition 10.1.6), shows that, for
any W € Iy, there exits a polynomial Py such that tro(W) = Pw ([T]e)
for any representation . As we have already observed, this polynomial is
no longer unique. It is indeed defined up to the addition of a multiple of
polynomial A (i.e., modulo the ideal Z generated by A).

Now, if we have an endomorphism o of I'4, we choose a collection of
polynomials

Py = (Pyay)s Por(as)s Po(as)s Pr(as ag) Pr(asar)> Pr(a145)s Po(a, 4545)) -

This &, defines a map from C” to V, the restriction of which to V does not
depend on the different choices. Indeed, this is this map from V to V which
is the trace map and which we call &,. As previously, [T](¢ o) = &, ([T]¥)
for any ¢, and @50, = &, 0 D,.

In order to show that, as previously, there exists an algebraic sub-manifold
£2 of V which is globally invariant under any @, , we need the following lemma
of which we omit the proof.

Lemma 10.2.17. Three matrices A1, As, and Az in SL(2,C) have a com-
mon eigendirection if and only if A(X,Y,z) = ANx1,x2,y3) = AN(@2,23,y1) =
M3, 21,y2) =0 and p(X,Y)? —4q(X,Y) = 0, where

z = tI“AlAQAg, X = (:Ul,él?z,:l?g) = (trAl,trAg,trAg),
and Y = (y1;y2;y3) = (trAQAg,trAgAl,tI'AlAz).

Let 2 be the manifold associated with the ideal J generated by the
polynomials A, A(x1,2,y3), (@2, 3,41), A(x3,71,12), and p* — 4q.

Then an argument similar to the one used in the proof of Proposi-
tion 10.2.3 shows that (2 is invariant under any &,.
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n-letter alphabet. When n is larger than 3, some complications occur and
the situation is less easy to describe. In view of the corollary to Proposi-
tion 10.1.6, we need n(n? + 5)/6 variables. The ideal Z of relations between
these variables is no longer principal. The trace maps take the variety V of
7 to itself. They still leave globally invariant a sub-variety (2 of V defined by
an ideal J the definition of which comes from expressing that n elements of
SL(2,C) have a common eigendirection.

10.3 The case of 3 X 3-matrices
If M is a 3 x 3-matrix, the Cayley-Hamilton identity can be written as
N? — (tr N)N? + %((tr N)* — tr N*)N — é(trN)3
+ %(tr N)(tr N?) — %tr N® = 0. (10.11)
So, by trilinearization, ones get the formula

D Ny Ny Ny — (tr Ny 1)) Ny Noys)
n

+ 5 (tr Niy(1)) (61 Ny 2) )Ny 3)

1
(br Noy() Nipg2) )Noa) = 5 8 Noy) Niy2) Niggs)

+ 5 (tr Ny(1)) tr Ny 2) Ny 3)

=N =N =N

- g(tr Nn(l))(tr Nn(g))(tr Nﬂ(3)) =0,
where the summation runs over the permutations n of {1,2,3} and where

Nji, N3, and N3 are arbitrary 3 x 3-matrices. If in this formula one takes
N; =Ny =M and N3 = N, one gets

MNM + M?N + NM? = (tr N)M? + (tr M)(NM + MN)
— (trMtrN — tr MN)M
1 . A
- 5((tr M)? — tr M?) (N — tr N)
+ tr M?N — tr M tr MIN. (10.12)

Let A = {a, b} be a two-letter alphabet. Consider the subset Sy = {€} of
the free monoid A* of which the unit € is the only element. We are going to
construct by induction a sequence S, of subsets of A™. Suppose that we know
Sy- Then, S,,+1 will be the set S, a U S, b from which the elements ending
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exactly by a®, aba, bab, b®, ab*a, ba®b, a?ba?, or b*ab? have been removed (by
“ending exactly”, we mean, for instance, that a®ba is not removed). We get

S = {a,b}

Sy = {a?, ab, ba, b*}

S = {ba®,b*a, a’b, ab’}

Sy = {b*a®,a’ba,b’ab,a’b*} (10.13)
Ss = {a’b?a, b*a*b}

Se = {b?a’ba, a*b*ab}

Sr=10

Define
S=J S (10.14)

The property of the S,,’s which matters to us is the following. Suppose we
are given a representation ¢ from A* in Mj3(C), the ring of 3 x 3-matrices
with complex entries. Then, for any W € S,,, the matrices p(IWa) and (W)
can be expressed as a linear combination of the matrices {QD(V)}VGUZ-"%I 500
of which the coefficients are polynomials, which can be chosen independent
of p, in the variables tr ¢(a®), tr ¢(b*), and {tr (V) veyrs s, - The verifica-
tion of this property is left to the reader. It involves repeated use of (10.11)
and (10.12). Also, it is important to notice that the traces of ¢(V), for V € S,
are not involved.

This can be summarized in the following proposition.

Proposition 10.3.1. Given a word W in {a,b}", there exists polynomials
{pv}ves in ten variables with rational coefficients such that, for any repre-
sentation ¢ of {a,b}* in M3(C), one has

e(W) =Y pv(To)e(V),
VeS

where
T, = (tro(a), tro(a?), tr o(a®),
trp(b), tr p(b), trp(b%), tr p(ab), tr p(ab?), tr p(a’h), trp(a®D?)).

Lemma 10.3.2. There exists a polynomial p in ten variables with rational
coefficients such that, for any representation ¢ of A* in Ms3(C), one has

trp(b?a’ba) + tr p(a®b*ab) = p(T,).
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Proof. Multiply on the left identity (10.12) by N?M, then use (10.11)
and (10.12). n

Lemma 10.3.3. There exists a polynomial q such that, for any representa-
tion of A* in M3(C), we have

trp(a?b®ab) trp(b*a’ba) = q(T,).
Proof. By multiplying (10.12) on the right by L, one gets

tr MN tr ML = tr MNML + tr M2NL + tr M2NL — tr N tr ML
— tr Ltr M?N — (tr M)(tr MLN + tr MNL)
+trMtrNtr ML + tr M tr L tr MIN

+ %((tr M)? — tr MZ) (tr NL — tr N trL).

By putting M = p(ab), N = ¢(a?b?), and L = ¢(ba?b) in the preceding
identity, one gets
tro(b?a’ba) x tr p(a’b’ab) =
p1(T,) trp(b®aba) + po(T,) trp(a*b*ab) + p3(T,), (10.15)
where p1, p2, and p3 are polynomials in ten variables.

Then, by replacing in (10.15) the matrices ¢(a) and ¢(b) by their trans-
pose, one gets

tro(b?a’ba) x tr p(a’b’ab) =
p2(T,) trp(b?a?ba) + pi(T,) trp(a*b*ab) + ps(T,). (10.16)

By adding (10.15) and (10.16) and taking Lemma 10.3.2 into account, one
gets

tr p(b?a’ba) x trp(a?b’ab) = %(m (Ty) +p2(Tcp)) + p3(T,).

Let us consider the following polynomial in eleven variables with rational
coefficients
A=7—prtg,

where p and ¢ are defined in Lemma 10.3.2 and 10.3.3. It results from these
lemmas that, for any homomorphism ¢ of Iy, 5 in M3(C), the roots of
A(T,,7) are tra®b?ab and trb*a?ba. ]

Proposition 10.3.4. The polynomial A is irreducible on C.
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Proof. Consider the homomorphism ¢ of I', 3 in M3(C) so defined

0t 0 010
pa)=100t"! ) andp(d)=|001
10 0 100

It is straightforward to check that Ty = (0,0,3,0,0,3,0,z,2,0), p(T,) =
z? — 3, and ¢(T,) = 223 — 62° + 9, where = 1 + ¢ + t~!. This gives
(p* — 4¢)(0,0,3,0,0,3,0,z,2,0) = (z — 3)3(z + 1).

If A were not irreducible, the polynomial p?> — 4¢ would be a square and
so would be the polynomial (p* —44)(0,0,3,0,0,3,0,z,z,0), which it is not.m

Proposition 10.3.5. For any W € I, there exists a polynomial Py with
rational coefficients in eleven variables such that, for any homomorphism ¢
from I'iqpy to M3(C), one has

trp(W) = Py (T, tr p(a®b*ab)).
This polynomial is unique modulo the principal ideal generated by A.

Proof. The existence of Py results from Proposition 10.3.1 and Lemma
10.3.2. Its uniqueness modulo A comes from the fact that the derivative of
the mapping ¢ — (T, tr(¢(a?b?ab))) is of rank 10 at some ¢, for instance
for ¢ such that

110 100
pla)=1012 | andp(d)=[310
001 041

As in the case of 2 x 2-matrices, one can define a trace map associated
with an endomorphism of Iy, ;y: it is a polynomial map of the variety of (A)
into itself. [

10.4 Comments

Fricke formula and the corollary to Proposition 10.1.4 (Fricke lemma) appear
in [175], but were also stated by Vogt in 1889.

Proposition 10.1.3-1 has been stated by Fricke [175] and proved by
Horowitz [208]. Since then, it has been rediscovered several times: Allouche
and Peyriere [20] for n = 2, for general n by Kolar and Nori [246] (although
they gave a formula involving a number of traces much larger than 2™ — 1),
and Peyriere et al. [325].

Traina [427, 428] gave an efficient algorithm for computing Py in the case
of a two-letter alphabet; also in this case Wen Z.-X. and Wen Z.-Y. [441] de-
termined the leading term of Py . Procesi [332] and Razmyslov [348], instead
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of considering relations between traces only, used more general polynomial
identities. This gives simple algorithms for computing polynomials Py with
an arbitrary alphabet. This is this method which is exposed here.

Proposition 10.1.6 and its corollary appear in Avishai, Berend and Glaub-
man [48].

The trace map appears in Horowitz [209]. It has also been rediscovered a
number of times: by Kohmoto et al. [312] in the case of Fibonacci, by Allouche
and Peyriere [20] and Peyriere [322] for n = 2, by Peyriere et al. [325] for
n>2.

Proposition 10.2.3 essentially appears in Horowitz [209]. It has also be
rediscovered. Kolai and Ali [245] conjectured it after having used a com-
puter algebra software. The proof given here appears in Peyriére [322]. For a
generalization, see [326]

Results in Sec. 10.2.2 can be found in Horowitz [209] and Peyriere et
al. [325]. For recent developments, see Wen & Wen [444, 443]: they prove that
Q+(2,2,2) = 1 implies that o is an automorphism; they show that, on a two-
letter alphabet, invertible substitutions (i.e., morphisms of the free monoid
which extend as automorphisms of the free group) are generated by three
substitutions.

The structure of the ideal Z, for a four-letter alphabet, is studied by
Whittemore [450] and completely elucidated by Magnus [271] for an arbitrary
alphabet. It also results from Magnus [271] that, for a n-letter alphabet, one
can use 3n — 3 variables only in trace maps with the counterpart that &, is
a rational map instead of being a polynomial one. See also [324]

For a study of the quotient ring modulo Z (the ring of Fricke characters)
see Magnus [271].

Polynomial identities for p x p-matrices are studied by Procesi [332],
Razmyslov [348], and Leron [258]. Wen Z.-X. [440, 441] gives some algorithms
for getting such identities. He also constructs a trace map for 3 x 3-matrices
and a two-letter alphabet. This is his derivation which is given in this course.

For basic references on free groups, see [272, 307, 308, 309).



