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Abstract

Let S = {a, b} be a two-letter alphabet arsh sequence oved An infinite matrix (#; ;); j>o is
associated witlsin the following way:t; ; =1 if shas a factor which contaimsimesa andj timesb;
otherwise; ; = 0. This matrix will be called the factor composition matrix (FCM) of the sequence
In this paper, combinatorial properties of certain sequences are studied via their FCMs. In particular

(i) the FCM of the Thue—Morse sequence is shown to be pentadiagonal, and substitutions whose
fixed points have the same FCM as the Thue—Morse sequence are determined;
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(iii) the FCMs of fixed points of invertible substitutions are characterized in terms of their singular
decompositions.
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0. Introduction

Combinatorial properties of words and sequences are of increasing importance in various
fields of mathematics and computer science as well as of physics, biologyThey
have been extensively studied by using various methods and techniques (for instance, see
[1,3,7,8,10] and the references therein). Here we present a new aspect of the combinatorics
of words.

Let S = {a, b} be a two-letter alphabet. Let* and S stand respectively for the free
monoid and the free group generated®yrhe empty wora is their identity element. Let
S® be the set of sequences (or infinite words), indexe®bgpn S

If w e S*is a word, we denote byw| its length and byw|, (resp.|w|p) the number of
times the letten (resp.b) appears in it. LeL (w) stand for the vecton |, |w|p).

A word v is a factor of a wordw, and then we writer < w, if there existst, u’ € S*,
such thatw = uvu’. We say thav is a prefix (resp. suffix) of a word, and then we write
v<w (resp.v>w), if there exists: € S* such thatw = vu (resp.w = uv). The notions of
prefix and factor extend in a natural way to infinite words.

Lets € S“ be a sequence, we define an infinite magrix); ;> o as follows:

|1 ifthere existav < s such thatL(w) = (i, /),
“7 710 otherwise.

Observe thatp o = 1. We call this matrix the factor composition matrix (FCM) of the
sequencs.

If ¢ is a primitive substitution on a two-letter alphabet, its FCM is the FCM of any fixed
point of ¢ or ¢2.

This paper is divided into five sections besides this introduction. Section 1 contains the
definitions, notations, and basic results needed in the latter sections. In the second one, it
is shown that the 1's in the FCM of Thue—Morse sequence exactly form five diagonals. In
this section we determine the substitutions which have the same FCM as the Thue—Morse
sequence. Section 3 is devoted to FCMs of sturmian sequences. The case of the Fibonacci
sequence is studied in Section 4. In the last section, we generalize the results of the fourth
one to fixed points of invertible substitutions by using their singular decompositions. It is
shown that the 1's in the corresponding FCM are generated by a substitution acting on
certain patterns. Examples are given at the end.

1. Definitions and notations

We shall use the following terminology and notations.

e Letw = x1x2---x, € S*. The reversed word of w is defined to bév = x,, - - - xox7.
Aword w is called a palindrome ifv = . The set of palindromes is denoted Yy

e A morphismzt : §* — S§* is called a substitution of*. In this work, we deal only
with non-erasingsubstitutions, which means that:) andt(b) are different frome. We
denote byF; any one of the fixed points af (i.e., F; is an infinite sequence such that
©(F;) = F;), if it exists, and byM; the matrix(L(z(a))’, L(z(b))") called the matrix of
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the substitutior (it is also called incidence or transition matrix). A substitution is said
to be primitive if its matrix is.

e Letw = x1x2---x, € S, we denote by~ the inverse ofv, thatisw* = x; .- x5 *
x; 1. Whenw = uv, with u € §* andv € §*, it will be convenient to writer = wv~!
andv = u 1w.

e Letw e S*, we denote by, the inner isomorphism +— wuw™2, u € S*. If there
exists aw € S* such thatp = 1,7 or v = 1, ¢, we say thatp is conjugate ta and write
¢~ 1.

e Letsy, s € S be two sequences. We say thatands, are locally isomorphic, and
then we writes; ~ s, if, for any factorw of s1, w or v is a factor ofs, and vice versa.
Obviously, two locally isomorphic sequences have the same FCM.

If a primitive substitution has two fixed points, these fixed points are easily seen to be
locally isomorphic: indeed, they have the same factors.
We have the following lemm§L1].

Lemma 1.1. Let 71, 72 be two substitutions with fixed points,, Fy,, respectively If
11 ~ T2, thenF;, >~ Fy,.

e A sequence € S“ is called sturmian if, for any € N, the number of its factors of
lengthn is exactlyn + 1. The sequenceis said to be balanced if, for any pair v of
factors ofswith the same length, one hha|a — |v|a\ < 1. The sequenceis ultimately
periodic, if there exisi, v € $* such that = uvvvv - -- = uv™. We have the following
proposition (see for examp|&,6]).

Proposition 1.2. A sequence is sturmian if and only if it is balanced and not ultimately
periodic

From the definition, we know that for a sturmian sequence, formaay\N, there exists
a unique factow of lengthn such that botlaw andbw are factors of this sequence. These
wordsw are called (left) special words.

A special (or characteristic) sturmian sequence is a sturmian sequence whose all prefixes
are special words. Other equivalent definitions and properties of sturmian sequences can be
found in[1,2,4].

e We denote by Aut{) the group of automorphisms &t It is known[8,9] that Aut(S) is
generated by the following three special automorphisms

o= (ab,a), m=(b,a), Y=(@ab™D, 1)

whereg = (u, v) means thag(a) = u ando(b) = v.

o Ifasubstitutionr is also in Aut(S), itis called arinvertible substitutionThe set of invert-
ible substitutions is denoted by I${). This set can be characterized by the following
result[12].

Proposition 1.3. IS(S*) is generated by the three substitutions= (b, a), ¢ = (ab, a),
andp = (ba, a): 1S(S*) = ((b, a), (ab, a), (ba, a)).
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In particular, this implies that a morphism of the free monoid on two letters is sturmian
if and only if it is invertible[7,12].

The following facts about invertible substitutions will play an important role in the latter
sectiond11-13].

For each invertible substitution there existsy € (r, o) (wherer ando are defined by
(1) such thatM, = M:. Two invertible substitutions; andz are conjugate if and only if
My, = M,. So, due to Lemma.1, to study the FCMs of invertible substitutive sequences,
that is the fixed points of invertible substitutions, it is enough to consider the substitutions
in (m, g).

Defineg, to be the set of the following substitutions:

tT=¢"%omod"?tom---0"2omog", (2)

wheren ; > 1 for 1< j < p, then we hav¢l1]

Proposition 1.4. If T € G, any fixed point ot is special sturmian

2. The Thue—Morse sequence and the “five-diagonal property”

The substitutionr = (ab, ba) is called the Thue—Morse substitution. It has two fixed
points and any one of them is called Thue—Morse sequence. Denétetty Thue—Morse
sequence with prefia. We will show that the 1's in its FCM form exactly five diagonals.
Proposition 2.1. For the Thue—Morse sequeneee have

tij =1 if andonlyif |i —j|<2 3)
In the proof of this proposition, we need the following lemma.

Lemma 2.2. Lets = sps1s283- -+ € S® be a sequence which is not ultimately periodic
Then for every natural number, there exists a factow (resp.v) of length n such that
awb < s (resp.bva < s).

Proof. Suppose the conclusion does not hold, then therexig & such that

(sx = a) = Syt = a).

Let us recursively define two sequendgsandm ; in the following waymg = 0, Eg = N;

if the set{i € E; | s; = a} is empty, then we stop, if nat ;1 is its smallest element and
Ejt1 = Ej\ (mjt1+ (n + DN). This process lasts at most+ 1 steps. It is clear that
following the lastz ;, the sequence is periodic of period+ 1). [J

Proof of Proposition 2.1. It is easy to see thaf ; = 1 implies|i — j|<2. We wish to
show thati — j| <2 impliest; ; = 1.
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Since the Thue—Morse sequenggis not ultimately periodic, for any natural number
there exists a word of lengthi such that:wb < F;. Thent(awb) = abt(w)ba is a factor
of F; as well ast(w)b andbt(w). As t(w) contains as mangs asb’s (indeedj of each),
this shows that; ;11 = #; ;42 = 1. For a similar reason;1; = tj42; = 1. 0O

Definition 2.3. We say that a sequence has the five-diagonal property provided it has the
same FCM as the Thue—Morse sequence. We also say a hon-identity substitution has the
five-diagonal property if all its fixed points have.

We need some lemmas.

Lemma 2.4. Lets € S“ be a sequencdf s has the five-diagonal propertthen s is not
periodic

Proof. Suppose thatis periodic. Thery = u® with u € S*\{e}. For every factorw of s
of length|u| we have(|w|qs, [wp]) = (|ula, lup]), thus the set(, j) : t; ; = 1,i+j = |ul}
is a singleton, which is a contradiction[]

Lemma 2.5. Lett be a substitutionlf T has the five-diagonal propertthen

It@)a = |t@]p and |t1(b)]a = |T(D)]p.

Proof. The proof will be completed in three steps.

Stepl. We prove first thaltc(ab)|, = |t(ab)|p.

Consider a factow of length 16 ofF;. Set|w|, = 8+ k and|w|, = 8 — k. It results
from the five-diagonal property thit| <1 (indeed,| |w|, — [wl, | <2).

We haveL (t(w)) = 8 L(t(ab)) + kL(t(a)) — kL(t(b)), SO

22| [t(w)la — lt(w)lp | =8 (| It(@b)lq — l@@b)p [) =2 - 2.

This last inequality implie$c(ab)|, = |t(ab)|p, as stated.
Step2. If k = |t(a)|, — |t(a)|p, we shall show thajk] < 1.
Dueto step 1, we have(b)|, —|t(b)|, = —k, whichimplies| |t2(a)|, — [t?(@)|s | = k2.
But t2(a) is a factor ofF;, so we have&k? < 2.
Step3. Here, we prove that = 0.
Assume thak = 1, we have
1. aa#41(a)
Otherwiset(a) = uaav, whereu, v € §*. Sincek = 1, we havgu|, + |v|, + 2 —
lulp — |v|p = 1. Sinceaa < F;, 1(aa) = uaavuaav is a factor of F;. For the factor
w = aavuaa < F;, we havelw|, — |w|, = 3, which contradicts the five-diagonal
property.
2. bb47(a)
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Otherwiset(a) = ubbv. From 1,aa41(a), thenaaAu and|ul, — |u|p <1. For the
same reasopy|, — |v|p <1, then|t(a)|, — |t(a)|p <1+ 1—2 =0, and a contradiction
occurs again.
From 1 and 2, we have(a) = abab---a = (ab)"a, and for the same reasonp) =
baba ---b = (ba)"b. ThusF; = (ab)* is periodic, and the 1's iny; ;) form only three
diagonals.

In the same way, one can show that —1 is not possible either.

Remark 2.6. Itresults from Lemma&.5, that if a substitution has the five-diagonal property,
it must be primitive and non-invertible.

Remark 2.7. A primitive substitutive sequence is ultimately periodic if and only if it is
periodic because of the minimality (see Lemma 751. Therefore the fixed point of a
substitution having the five-diagonal property is not ultimately periodic.

The next lemma is readily checked.

Lemma 2.8. Lett be a substitution

(i) If r has the five-diagonal propertthen every factow of t(aa), t(ab), t(ba) or T(bb)
satisfied|w|, — |w]p| < 2.

(ii) If any factorw of t(aa), t(ab), 1(ba), andt(bb) satisfieg|w|, — |wlp| <2, |1(a)|, =
|t(a)|p, and |z(b)|, = |t(b)|p, then thel’s in the FCM oft must be all on the five
diagonals(i.e.,t; j = 1= |i — j|<2).

Without loss of generality, we always assume thatt(a), thust has a fixed point
F; =lim, 1" (a).

The following theorem describes the substitutionssatisfying the five-diagonal
property.

Theorem 2.9. Lett be a substitution such thakiz(a), thent has the five-diagonal property
if and only if F; is not ultimately periodic and is of one of the following types

©(a) = UpUy--- Uy,
TPEL 1 b) = VoVa-- - Vi,
t(a) = (ab)*,
TYPE2 3 ) = (abYaabVieVy--- Vb,
2(a) = (ab)laabUgU1 - - - U,b,
TYPE3 | 26y = aVoVr-- - Vinb.

whereU;, V; € {ab, ba}, 0<i<n, 0<j<m, k=1, [>0,andUg = ab.

Proof. NecessitySuppose that has the five-diagonal property. Then its fixed pdihtis
not ultimately periodic.
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By Lemmaz2.5, |t(a)| and|z(b)| are even and we can write
t(a) =UrUz--- Uy, 1(b) = V1iVo - Vpy,

whereU;, V; € {aa, ab, ba, bb}, 1<i<n, 1<j<m, anda<U;.
There are three possibilities which match the types in the statement of the theorem.
Type 1-—U;, V; € {ab, ba} for all i, j.
Type 2—U; € {ab, ba} for alli, and at least on¥; equalsaa
Since|t(b)|a = |T(b)|, there existd} which is equal tdb. Setr = min{j : V; = aa},
s =min{j : V; = bb}.
We claimthat < s. Indeedifwe had < r,wewould have(b) = V1Vo - Vi_1bbViy1
-+ Viu, With V; € {ab, ba} for 1< j <s — 1. It would follow

t(ab) = UrUz---Uy,VaVa--- Vi_1bbViy1--- Vi

with a<tU1. Then we would havey = a U Us---U,ViVo--- Vs_1bb < t(ab) and
lwlp — |w], = 3, which would contradict Lemma.8(i). Therefore we have(b) =
ViVo---Vi_1aaViy1--- Viy With V; € {ab, ba} for 1< j<r — 1.

Now we can show thal/; = ab for all i andV; = ab for 1< j <r — 1. In fact, if we
hadU; = ba, then we would havey = b= 1U;U; 41 ---U,V1V2--- V,_1aa < t(ab), and
|lwl, — |wlp = 3, which is a contradiction. For the same readon=ab (1<j<r —1).

Now, we know that(b) = (ab)" laa Vi41- -+ V. Obviously,b<1V, 1, SO we can write
Vigr---Vyy = bWiWo .- - W,,_,_10, WhereW; € {aa, ab, ba, bb} anda € {a, b}. We
wish to show that¥; € {ab, ba} for all i ande. = b. Suppose that one of thH&; equals
aaor bband setk = min{i : wj = aa or w; = bb}. If Wy = aa, thenw =
aabWiWs - - Wi_1aa < 1(b) and|w|, — |w|, = 3; this is a contradiction. 1#W; = bb
thenw = bW Wo - .- Wi_1bb < t(b) and|w|, — |w], = 3, which again is a contradiction.

ThusW; € {ab, ba} anda must beb.

Type 3—For somé, Uy = aa.

We argue as for type 2: we can write

1(a) = (ab)* YaabWiWs - - - Wy_x_1b, 7(b) = aX1X2- - Xm_1b,

whereW;, X; € {ab, ba} for all i, j.

SufficiencyProof for Type 1. It results from Lemnag(ii) that all 1's of (; ;) are in the
five diagonals. We only need to show thiat- j| <2 impliesz; j = 1.

Consider a two-letter alphabgt, B} and the morphisng : {A, B}* — {a, b}* defined
by A — ab, B — ba. This morphism has a natural extension#ay B} which still be
denoted byp.

Consider the substitution

Y= (XoX1---XpYoY1-- Vi, YoY1--- Y XoX1--- X5)

on{A, B}*, whereX; = ¢~ X(U)), Y; = ¢ L (V)).
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We have that¢ = ¢y, from which the equalitypy” = 1" ¢ results by induction. Hence
(notice thatlUy = ab)

$(Fy) = d(lim_7(4))
lim <"¢$(A)

lim ¢y"(A)

n—oo

lim 1"(ab) = F;.
n—0o0

SinceF; is not ultimately periodicF, is not either. Then it results from Lemra2that,
for any natural number there exits a wordV e {A, B}* of lengthi suchthadW B < F,.
Thenbp(W)b < F;, which means; ;1> = 1. We have;»; = 1 for the same reason. The
assertion)i — j|<1= ¢ ; = lis trivial.

Proof for Type 2. Substitution is easily seen to be conjugate to

((ba)k, (ba) T tabVoVy--- V),

which is of type 1. We conclude by using Lemrh4.
Proof for Type 3.
This timer is conjugate tq(ba)! *1abUqUs - - - Uy, baVoVa -+ V). O

Remark 2.10. This theorem answers partially the following more general problem: to
characterize the sequences having the five-diagonal property.

3. The FCMs of sturmian sequences

Proposition 3.1. Let s be a sturmian sequendéen for any: > 1, there are two and only
two 1'samong(t; j}o<i. j<n, i+j=nr @nd the twal’s are adjacent

Proof. If for onen >1, there were only onesuch that i <n ands; ,—; = 1, then the
sequence would be periodic of perindTherefore, the assumption trsis not ultimately
periodic implies that there are at least two 1'Yi0;}o<i,j <, i+j=n- SiNCESis balanced
there are only two 1's and they are adjaceri]

Remark 3.2. The converse is not true: the condition “there are two and only two 1's among
{ti j}o<i.j<n, i+j=n and the two 1's are adjacent” can merely guarantee the fact that the
original sequence is balanced (for instance, consider the seqbetge

Proposition 3.3. For the FCM {7 ;}, of a sturmian sequencewe have
() >;ti,;=2foriz0,and}’; 1; j >2for j>0;
(II) If lij=1ti-1j+1= 1, thenti,j+1 =1;
(iii) If there existsc >2 such that; ; = Landt 1 j = 1 (resp.t; j+x = 1), then for any
1<I<k—1,one has;y; ; =1 (resp.t; j4 = 1);
(iv) If aa#sthen), 1 j<4,and if bbAs, thean tij <4



J. Peyriére et al. / Theoretical Computer Science 329 (2004) 251—-269 259

Proof. (i) Suppose tha[:j tip,; = 1. This can happen only witly > 1. Let jo andw be
such that;, j, = 1, w < s, andL(w) = (ig, jo).

We havewa < s (wb < s is impossible, sincg, j,+1 # 1). As jo > 0 ort;, j,—1 # 1,
we haveb# w, soa<iw. Furthermoreglwa < s with |a~twal, = io. Repeating this
argument shows thait = 4. Due to Propositior8.1, the only factors of lengtky which
can appear ar€® anda’ba'o~/~1 with 0< j < io. This implies thasis periodic after the
first appearance of the facteft. This is a contradiction.

(if) Suppose that; ;11 = 0.

If w < s with L(w) = (i, j), thenwb£s andwa < s. If b<w, thenL(b~twa) =
(i+1, j—Dand;yq ;-1 = 1. But;_1 j41 = 1, this contradicts the fact thais balanced.
So we haver<w. The proof ends as in (i).

(i) By induction onk. The result holds fok = 1.

Suppose that the assertion holds fok n (n >2) and does not hold fotr = n. Thus
there existgi, j) such that; ; = t;4, ; = 1 ands;y; ; = 0 for 1<I < n.

Takew < s such thatL (w) = (i +n, j). Sincet;;,—1),; = 0, acan be neither a prefix
nor a suffix ofw, so there exists, such thatw = bvb. For any facton’ of v, we have
[v'|p<|vlp = j — 2. Buty; ; = 1, this again contradicts the fact thsis balanced.

(iv) Suppose thad_; #; ; >5. Then, due to (jii), there exisissuch that;; ; = 1 for
0<k<4. Considemw < s such thatL.(w) = (i + 4, j) and writew = vv’, with |v| = 4.
We havelv'| =i + j and|v'|, = j — |v]». Ast; ; = 1 andsis balanced, we have|, <1.
This proves thahais a factor ofv, and therefore aé. [

Now, if s = sgs1 -« -5y, - -+, We sets(n) = sos1...s,—1 and define two sequences

ar = L(s(k)) + (1,0) and by = L(s(k)) + (0, 1).
Theorem 3.4. Let s be special sturmiarTheny; ; = 1 if and only if (i, j) € {ax :
k=0} Uik : k=0
Proof. Sincesis special sturmian, one has(n) < s andbs(n) < s. Thus(i, j) = ay or
by impliesy; ; = 1. We obtain “if”. From Propositio.1, we obtain “only if”. [
Now, for a sturmian sequenegwe define a new sequente-= 5051 - - - §, - - - as follows.
By Proposition3.1, for n > 1, there are only two 1's, which are adjacent{if; }; j—n;

denote them by; ; and#;_1 ;1. It results from PropositioB.3(2) thatz; ;41 = 1. Thus
there is only one 1 among, ; ; ands;_; ;2. We define

5 _Ja if fi+l,j=17
n-1 b if li—1,j4+2 = 1.

We have the following proposition.

Proposition 3.5. If s be a special sturmian sequentegens = s.
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Proof. This results from the definitions af,, 5%, § and from Theoren3.4. O

Theorem 3.6. For a sturmian sequence §is the special sequence of s

Proof. Letg be the special sequencesftheng ~ s, and they have the sanig ;). The
conclusion follows from Propositio8.5. [

Now, we are going to rephrase in a more visual way the properties of the FCMs of special
sturmian sequences. Set

_ - 1 - 11
a:l*’ bzl*’ and c:l*

and defineia, ab, ba, bb, ¢a, andeh to be respectively

11'_ 11 11 11 ii 111
1 % 11 1% 11 =% 1% 11«

(the boldface 1 of the second factor replaces the asterisk of the first one). In the same way

1 ) 1 11
ac=111, bc=111, and cc=111.
1 % 1 % 1 %

We can iterate this multiplication. For instance,

11 11 11
- —__ 111 .- 111
aba =1 i ;L, abaa = 11 and abaab = 111"
1 % 11x

A more formal definition of this monoid of patterns is given a few lines below.

It is convenient to writethaab = abaab, for instance.

Now, if sis a special sturmian sequence, the pattertn) is the beginning (i.e., the
pattern at the left upper corner) of the FCMsoT his is a mere reformulation of the results
of this section.

3.1. Formal definition of the monoid of patterns

LetM be a monoid a group, ancK a space on whicks acts to the right (all the actions
and composition laws are noted multiplicatively). We endow theXsétx G with the
following multiplication: (u, o) (v, f) = (w, y), wherew is defined byw (x) = u(x)v(xa).

It is easily checked that this operation is associative. In other terms, as an ebteofeat
can be considered as an automorphism of the moR3d(o(u) (x) = u(xx)), the newly
defined monoid is exactly the semi-direct produckdf andG.
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In the present case, we take = G = 7% and M = {0, 1} endowed with the “or”
operationv, the action ofx € G onx € X beingx — o. We are going to identify a pattern,
as defined above, with an element o) of X x G. A pattern can be considered as part
of an array of zeroes and ones indexedZfyonce the position of one of its elements is
fixed: this is done by saying that the boldface 1 has posit®®); This defines the first
component. The second componemnts the position of the star.

4. The FCM of the Fibonacci sequence

Here s stands for the Fibonacci substitutiom £ (ab, a)). Its unique fixed point, is
the Fibonacci sequence. It is well known thgtis special sturmian.

From Theoren8.4, it is easy to get the corresponding FCM (see Fig. 1). In this section
we study the sequence of sums of elements of rows and prove that it is image of a fixed
point of a substitution. The same results holds for columns.

Set[a, b] = ab~1ab and, forn>0, F, = ¢"(a). We haves([a, b]) = [b, a] and
FoF1 = F1Fpla, b] = Fola, b]. ThereforeF'1 Fo = F3[b, al, FoF3 = Fala, b],andF3F4 =
Fs[b, a].
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Fig. 1. The FCM of the Fibonacci sequence.
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We define a morphisnp : {A, B}* — {a, b}*: A — F4, B — F3[b, a]. More explic-
itly, ¢ : {A, BY* — {a,b}*: A — abaababa, B +> ababa. Then, we haveb(AB) =
F4F3[b, al = Fs[b, a]l = F3F,. The extension of to {A, B} will still be denoted byp.

Let 7 be the invertible substitution = (AAB, AB). We havep(t(A)) = ¢(AAB) =
FaF4F3lb,a] = F4F3F4 = Fs = o?(¢(A)) and¢(1(B)) = G(AB) = F4F3[b,a] =
Fs[b, a]l = F3F4 = 6?(F1F2) = d%(¢(B)). It follows by induction thaip o " = 62" o ¢.

We have the following result.

Proposition 4.1. With the above notationg (F;) = F;.

Proof. We havep(F;) = ¢(lim " (A)) = lim 02"(<;5(A)) =F;,, O

With the notations of the end of the preceding section, we define two patterns

11
111 11
— 111 — 1111
111 1 %
1 %
It results that
coofoofofoofoaf--- = ¢ Fy

is the pattern formed by the 1's in the FCM of

For our purpose of studying the sums of rows, this decomposition is not convenient.
Indeed, when concatenating two pattesnar f3, there are rows, and columns, whose ele-
ments come from both patterns. This is why we need to modify these patterns. The first two
modifications are suitable for studying the sums of rows, the third one allows to study the
sums of columns.

First modification

1
1

Il
[l e
PR R R
A S T
e
PR
Rl
Ll =

o1 and 4 =

e

It is easy to see that

o0ty frooa froafroaca froacafy - -

is the pattern of the 1's in the FCM deprived of its first row.
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Second modification

R
¥ B R R
_ e

Itis easy to see that

02002 B02002 02 B 0202 o002 5 - - -

is the pattern of the 1's in the FCM, with the only difference tat; = 1.
Third modification

Itis easy to see that

0303 f30:3003 3013 f300303 f30t3003 83 - - -

is the pattern of the 1's in the FCM, with the only difference that; = 1 and the first
column has been removed.
Now we consider a new sequente= sgs1s2s3s4 - - - defined as follows:

Sp = 50,71 + Ztn,j»
J

whered is the Kronecker symbol. Its first 50 entries are
2 = 33334333343343333433334334333343343333433334334333

Its results of the second modification tiais the image of the fixed point of the substitution
7 under the morphismA — 3334,B — 334).

In the same way, the third modification shows that the sequence of sums of columns of
the FCM is related to the image @f. under the morphismA4 — 655, B — 55) in the
same manner as previously: remove the first column of the FCM, and add 1 to the number
of 1'’s in the first column of the resulting matrix.

Remark 4.2. The sequence’ can also be seen as a sequence over the ql\[lmgbet
33, B = 334}, in this case it is the fixed point of the invertible substitutignB, ABB). If
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we take the alphabgil = 33, B = 4}, X will be a substitutive sequence of the invertible
substitution(AAB, AB). But X itself is not sturmian over the alphab& 4} (both 3333
and 4334 are factors), therefore it is not a fixed point of an invertible substitution. Moreover

we have the following stronger result.

Theorem 4.3. X is not a fixed point of any nontrivial substitution over the alphdBeti}.

~NA~A~ o~~~

Proof. We know thatt' is the image of the fixed poitf, of the substitutiory = (AAB, AB)
under the morphisnp : A — 33, B — 4. ThenF, is locally isomorphic to the Fibonacci
sequence over the alphaueTt, B} and so is free of fourth powers (i.e., has no nontrivial
factor of the formu?). Assuming thay is a substitution ovef3, 4} with X as a fixed point,
then#(3)* is a factor ofX, thus#(3) cannot be the image undérof a factor of F;,. On
the other handy(3) is a prefix of 2, hence ##(3), and 3>5(3). It is easy to see that
3333411(3). Then, since(33) < 2, we have 33333 X, a contradiction. [J

5. Invertible substitutions, singular decompositions and FCMs

In the previous section, we saw that, in the Fibonacci case, the 1's in the FCM form an
invertible substitutive sequence over an alphabet of appropriate patterns. A natural question
is to ask whether this is still so for general invertible substitutive sequence.

As said at the end of Sectioh we only need to consider the substitution(in =
(b, a), 0 = (ab, a)). In this case, all substitutive sequences are special sturmian. First, we
study the singular decompositions of these sequences.

Recall thatg, is the set of substitutions of the following type

t=0¢"omod""tom---6"2omoc,
wheren ; > 1(1< j < p). Throughout this section, we only discuss this kind of substitutions.
Furthermore, we will assume thgt!_, n; +(p—1) is odd. The other cases can be discussed
in the same way.
In this case, we have the following facts, the proof of which can be foufitilih
ab>1"Y(a), ba>1?(a), ba>t?" T (b), ab>1?'(b), forn>1 (4)
and

Fr = 1°(a) = a"ba"?b - - a*b ..., (5)

where, forj >1, k; = kyork; = ky + 1.
Let us set

m(t) =k + 1. (6)
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Lemma 5.1. Lett € G,.

@) If |[z(b)| = 1,thent = (a"b, a) for some n

(ii) If |7(b)| =2, thent(a) = t(b)u = uv, whereu, v € S* andv, t(b) differ merely by
their last two letters

Theorem 5.2. Lett € G,. Then
1. the morphisms

y = (ba_l, (ba_l)l_m(r)a) 0120 (a’"(f)_lb, am(f)b))
and
¢p1=15070 (am(f)flb, am(f)b)

are invertible substitutions
2. one hasuF; = ¢, (F,).

Before proving this theorem, we need to analyze the singular decomposition of the fixed
point of a substitution irgj,.

Definition 5.3. Let t be a substitution. The word,, = ot”" (a)ﬁ*l is called the singular
word of t of ordern, whereu, f§ are lettersg # f andfr>1"(a).

Likewise, we can define the singular words associatedsfi) (i.e.,w, , = pt" (b))

and bothw, andw, , are palindromes (s¢&1]), but this last fact will not be needed.
As said previously, we can write

@)= [] d4db)|a
1<j<m

and

rz(b)=< I ak-/b)
1< <

with 1<I<m, k1 = m(tr) — 1, and, for X j <m, k; € {m(t), m(r) — 1}. Of course, by
( I1 a"fb) we mearu*1ba’2b - - - akib,

1<j<!
Let k be a positive integer. We have

k
12(a*b) = [1 d“b)a [T &b
1<j<m 1<j<l
k—1
= 1 b M b 1 &),
1<j<m 1<j<m 1<) <!

wherek] = k1 + 1 =m(t) and, for; 22,1{, =kj.
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Therefore

af2’1+l(akb)a_1= ( l_[ af2n_l(ak-fb)a_l>

1<j<m

k-1
x( I1 arz"_l(ak;'b)a_l) ( ]_[arz"_l(ak;'b)a_l).

1<j<m 1<j<!

Asais a suffix oft?~1(b), uz,_1(k) = at®~1(a*b)a—1is aword on the alphabét, b}.
So, we have the following decomposition

M2n+1(k)=( [1 uzn—l(kj)>

1<j<m
k-1
X( [ Mzn—l(k})> < [ MZn—l(k})>v ()
1< <m 1<j<t

which involves only the two wordgy,—1(m (1)) anduy,—1(m(t) — 1). The singular word
wo,—1 IS a prefix of both of these words.
Forn >0, we define the following substitutions

Gopr1 = W2np1(m(t) — 1), ugy1(m())).
These substitutions are invertible: indeed

Poni1 = ta 0 T o (@, a™D71b) o (b, ab).

Then formula 7) says thatﬁgnl_l o ¢, 1 is a substitutiory which does not depend on
n. We havey = (ba=1, (ba 1)1"a) 0 12 6 (a™©~1p, a™®p)). This substitution is also
invertible.

In other wordsy(a) andy(b) are obtained by replacing (m(t) — 1) by a andu (m (1))
by b in the decompositions ofs(m(t) — 1) andusz(m(t)) given by formula 7).

Sincek; = m(t) — 1, ais a prefix ofy(a) as well as ofy(b). So,y has a unique fixed
point F,,.

By induction,

bony1 = P107"

Proof of Theorem 5.2. Indeed, one has
aF; =1limat® (@O 1p)g~1 = lim b, 1(a)
=Ilim qﬁl(y"(a)) = (l"l(Fv)- O

Remark 5.4. We have just seen that'; is the fixed point of an invertible substitution over
the alphabetuy(m (1) — 1), u1(m (7))} (with a slight abuse of notation). As said at the end
of Section 3, this means that the FCMwis obtained (with a few mismatches on the top
rows) by binding the patterns corresponding:i@m (t) — 1) andu1(m(t)) according to
the sequencé,.
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In the same way, we could have shown tlatcan be viewed as the fixed point of the
same substitution this time acting on the alphabet consisting of the two syni8{8—15)
andt(a™@p).

The point of Theorerd.2is that it gives a decomposition of the FCM into patterns which
can be modified in such a way that it gives the structure of the seqn):eﬁcézj t,»,j)
Indeed, we have the following result.

i1

Theorem 5.5. For all T € G, the sequencéz t ,) is the image ofF, (wherey is

defined in Theorerb.2) under a morphism ofa, b}* |nt0 S*, where S is a finite subset
of N.

Before proving this theorem, we wish to work out two examples.

Example 5.6. The Fibonacci substitutiom = (ab, a).

In this case, we havé, = (aab, aabab) andy = (ab, abb).
The corresponding patterns of 1's in the FCM are

1
111
11171

1
11
1 11=%

1
1
These patterns can be modified in the following way

111
111

* P

The binding of these last patterns according to the order determined by the fixed point
ababbababbabb - - - of y yields the FCM deprived of its first row. Therefore the sequence
2 is obtained by replacing's by 33 ando’s by 343 inF,,.

Example 5.7.t = g o mo g = (aab, a).

We havep, = (aaabaab, aaabaabaab) andy = (aabab, aababab). The correspond-
ing patterns are

e
PR ERRERRPR
PR RRRPR

PR
PR R
*

PR RRRR
el
* =
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The modified patterns are

1
1
1

N
PRRRPRP

L = SN
B
N

PR RRP R

L = SN
PP

The corresponding sequengds obtained by replacing’s by 23333 and’s by 2333333
in F.
Now we can explain how the modification of patterns works in the general case.

Proof of Theorem 5.5.We know thagais a prefix ancba suffix of both words 1 (m (t) —

1) andu1(m(7)). This implies that the tops of both the corresponding patternsla}e,,

while their bottoms are1 jl_ : So we can remove the boldfatdérom the top and replace

the asterisk by 1. So the top and bottom lines of both the modified patterris are and

111

.

Then the binding of these modified patterns accordinfg tgields the FCM ofr, deprived
of its first row. But now each row of the FCM comes from only one new pattern. This proves
Theoremb.5. [
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