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I. Introduction : the multifractal formalism

Let 1 be a Borel probability measure on [0, 1]. Suppose that, for every ¢ € IR, the
following quantity exists

!
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where N,, is an increasing sequence of integers and the dash means that the summation

run through those indices j such that p ([Nin, %[) # 0.

On the other hand, consider the set
1 I, (t
Ea:{te[o,l[; MM}
log | I,,(t) |

where a € R and I,,(t) is the interval [, JNil[ which contains ¢.

g
Ny
Then it is asserted [9][10][11], and proved in certain cases [1][2][5][7][13], that

dimE, = f(a):= inf (ag—7(q))
g€eR

where dim stands for a suitable notion of dimension. In the case where a = 7/(g), then
dim E, = ag — 7(q).

We are grateful to the referee for suggesting that we include a heuristic argument
along the following lines.

For a pure fractal we would have u(l;) ~ |I;|* and >_ |I;|* = 1, for some fixed o which
gives the dimension. For a multifractal, we have the local formalism, pu(l;) = |I;|* which
gives 3 |I;|® 9 7(@) = 1,

Now fix arbitrary « and minimize the function ¢ — aq—7(¢). Suppose the minimum
occurs at gg. We have

Z |Ii|f(a) + Z |Ii|ai(I0—T((Io) =1.

a;=a a; Fa

In the case where the contribution from the second term is relatively negligible (this can be
investigated technically using large deviations) we have the formalism ), _, [;[F @) =1
which demonstrates that the dimension of the set E, is calculated by the formula f(«).

Our aim is twofold. First, to examine what can be said in general, without making re-
strictive assumptions on . Secondly to define a setting in which the multifractal formalism
works. The sequel of this article is organized as follows.
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In section IT we establish some large deviation results. In section III, we show that,
in general, instead of the equality, an inequality holds. In section IV, we define a class of
measures for which the formalism is valid. These measures have already been considered
by one of the authors [19] and contain as a particular case the multinomial measures, des
cribed in section V, and other measures occuring in certain dynamical systems, such as
“cookie cutters”. In section V we give some examples and applications.

Our methods do not appear to extend naturally to discuss further interpretations of
f(a) as in [14-18]. The use of partition functions for computing Hausdorff dimensions also
appeared in [12] and [20].

I1. Chernoff type results

Let (Qp, An, ptn) be a sequence of probability spaces, {A,},>1 a sequence of positive
numbers, and {uy,} and {v,} two sequences of random variables with values in [0, 1], u,
and v, being A,-measurable.

Let X,, be the set X,, = {u,v, # 0}. For real numbers z and y, set

Co(2,y) = A7 'log / W Vdpi

n

and
C(z,y) = lim sup Cy (z, y).

n—o0

It is well known that C,, and C are convex functions. Consider the set Q = {(z,y) €
O
IR? ; C(x,y) < 0} and its interior Q. Since C(z,y) is non-increasing as a function of
and non-decreasing as a function of y, the set €2, if it contains a point (a,b), also contains
the whole quadrant {(a+,b—y); z > 0 and y > 0}. It results that there exists a concave
and non decreasing function ¢ from IR to IR such that

(o]
Q ={(z,y) e R?; y < p(z —0)}.
If Q = 0, then ¢ is identically equal to —oo ; if Q@ = IR?, then ¢ is identically equal to
(o]
+oo ; if Q is the half-plane {(z,y) ; £ > zo}, then p(z) = —oc0 for x < z¢ and ¢(z) = +o0
for £ > xy.

From now on, we assume that ¢ if finite on an open interval I containing 0.

For any v € IR, we consider the following Legendre transform of ¢ :
fy(@) = inf [a(z —v) — ()] = fola) — ar.
z€ER
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For v € I, the maximum value of f,(a) is —¢(7v) and is assumed for a € [¢'(y +
0),¢'(y — 0)]. The function f, is non-decreasing on the interval | — oo, ¢'(y + 0)], and
non-increasing on the interval [¢’(y — 0), +o00[. The two following remarks will be useful :

eifa < ¢/(y—0)and 6 > f,(«), then there exists ¢ > 0 such that C(y+t, —d+at) < 0,
oIf o > ¢/'(7y+0) and § > f,(a), then there exists ¢ > 0 such that C(y—t, —d—at) < 0.

The following results can be thought as being a generalized form of Chernoff inequality

PROPOSITION 1. For any v € I, we have the following facts.

1. Ifa < ¢'(y—0) and 0 > fy(c), then

n

1
lim sup—log/ ul vl dp, < 0.
A X {un>0g}
2. Ifa> ¢'(y+0) and 6 > f,(«), then

1
lim sup—log/ ulvldp, < 0.
A XnN{un<vg}

n

Proof. First, suppose we have o < ¢’'(y —0) and 6 > f,(c). Choose ¢t > 0 such that
C(y+t, —0+ at) < 0. Then

Y,,0 _ v,,at, d—at
/ uy v, dpy, —/ up vy v Md iy,
XnM{un>vg} XnM{un2>vg}

< / ud Tl dp, = expAnCh(y + t, =0 + ot),
X

n

which proves assertion 1.

Suppose now we have, & > ¢'(y +0) and 6 > f.,(c). Choose ¢t > 0 such that
C(y—t,—0 — at) < 0. Then

/ w0l djy :/ ul v, “tpdtatdy,
Xpn{up<vg} Xpn{up<vg}

< / ul_tvffatdp,n = expA,Cp(y — t, =0 — at),
X

n

which proves assertion 2.

We can also remark that, if § > —p(y), we have lim sup %log an udvddp, < 0.

n—0o0
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PROPOSITION 2. For any v € I, we have the following facts.

1. If o < ¢'(y+0), then lim sup ﬁlog me{un>va} wlvn ?Vdp, < 0.

n—0o0

2. Ifa > ¢/(y — 0), then lim sup x-log anﬂ{un<v°‘} W ?Mdp,, < 0.

n—0o0

Proof. Under the hypothesis of assertions 1 and 2 we have —¢(y) > f,(a). So, we
can use Proposition 1.

COROLLARY. Suppose we have y = p,, for every n, ¢(0) = 0and ), -, exp—nA, <
oo for any 1 > 0. We then have B

l l
¢ (0+) < lim inf -2 < Jim sup "9 < /()

n—oo  l0g vy, n—ooo 10gU,

p-almost everywhere on the set lim inf X,,.
n—oo

Proof. By Proposition 2, if o < ¢'(04), we have > <, p (Xn N {3B8Ln < a}) < 00.

log vy,

So, lim inf lli))gﬁ > «a, p-almost everywhere on lim inf X,,. Similarly, if o > ¢'(07), then
n—o0 g Un n——+oo

lim sup lligﬂ < a, p-almost everywhere on lim inf X,.
n—too 8Yn n—+o00

I11. Upper bounds for dimensions

Let {{I5,}1<j<vn }n>1 be a sequence of partitions of the interval [0, 1[, each I, ; being
an interval, semi-open to the right. In the present section, these partitions need not be
nested. If ¢t € [0,1], I,(t) stands for that interval among {I, j}1<j<w, Which contains ¢.
The length of an interval J is denoted by | J | . We assume that, for any ¢ € [0, 1], we have

lim | In(t) |= 0.
n — 0o

We consider two dimensional indices dim and Dim which are defined in a similar
way to Hausdorff and Tricot dimensions, but by considering only coverings or packings by
intervals {I, j}n>1,1<j<v,- The Hausdorff dimension is well known. The Tricot one is less
known, so we give a survey of its definition and properties in appendix. We think that the
Tricot dimension is of great interest. Indeed, this dimension is one of those which gives a
mathematical meaning to assertions of some physicists on the “box dimension” of certain
sets which are dense in an open set of some RY.

Let p be a Borel probability measure on [0, 1[. For a € IR, let us consider the following
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sets :

| /\

1 t
B, = {t € [0,1[ ; lim sup log a}

I, (
w(l, t
B! = {t €10,1] ; lim 1nf L <a

1 t))
Vo =<4t esuppp ; lim inf ————== og !, ( >«
log | In(t) |

lo
Vi =4t e€suppp; lim sup————~ og (!, ( >«
log | I,(t)

and
Eaﬁ =V,N Bﬂ (fOI‘ a< ﬂ)

We are given a sequence {\, },>1 of positive numbers such that ) ., exp—nA, < oo
for any n > 0.

We consider the following quantities

Cn(z,y) = A;llog Z H(In,j)w+1 [ I, |77

1<j<vn

and
C(z,y) = lim sup Cy(z,y)
n—oo

where >’ means that the summation runs over the j’s such that u(I,, ;) # 0.

These quantities are the same as those introduced in section II : take pu,, = u (for every
n > 1), uy(t) = p(l(t)) and v, (t) =| I,(t) | . As previously, we consider the function ¢
and the various objects attached to it. We suppose that ¢ is finite on an open interval
containing 0 and 1. But, instead of writing f_;, we shall simply write f.

When all the intervals {I ;}i<j<v, have the same length exp — A,, we have the
following relation between our function ¢ and the function 7 described in section I
p(z) =7(z+1).

The following theorem provides upper bounds for the Hausdorff and Tricot dimensions
of the sets B,, B}, V, and V.

THEOREM 1.

1. For any «, we have Dim B < —p(—1) and DimV} < —¢p(-1)).
2. If a < ¢/(—1 —0), then Dim B, < f(a) and dim B}, < f(a).

3. Ifa> ¢'(—1+0), then DimV, < f(a) and dim V} < f(a).

6



Proof.
Assertion 1. If § > —p(—1), it results from the remark following proposition 1, section
I, that ) <, Zj' | I, j |°< co. Let X denote the set lim inf X,, (see section II). This set

n — 0o
differs from the support of i only by a countable set, and contains Bj. If {I;};>, is any

packing of X by intervals in the family {I,, ;}n ;, we have }_ | I; |°< oo, so Dim X < 4.
We therefore have Dim X < —¢(—1).

Assertion 2. Tt is enough to consider the case o < ¢'(—1 — 0). Set
Bg(n) = {t € [0,1]; p(In(t)) >| In(t) |} .

We have

Bo= (] U] B

a<B<p (—1=0) m>1n>m

B = N N U Bs).

a<B<e (—1—0) m>1n>m

Let us fix 8 €]a,¢'(—1 — 0)[ and consider the family Z of those I, ;’s such that
p(In;) >| I, ; |P . By proposition 1, section 11, if § > f(5), we have

Z\I\5<oo.

Iel

and

Since any packing {I;}; of (,,5,, Bg(n) such that | I; |[< min{| I x | ; n <m, 1 <
k < vn} is extracted from Z, we have Dlm MNy>m Bp(n) < 6 for any m and § > f(B).
Therefore B

Dim | (J (1] Bg(m) | < f(B)

m n>m
and
Dim B, < inf f(B) = f(a).
a< pf<¢(-1-0)
On the other hand, the family {I € T ; | I [< €} covers [,,51 U,>.,, Bg(n) for any

€ > 0. Therefore,

and
o< inf f(B) = f(a).
a<fB<¢(-1-0)

Assertion 3. Tt is enough to consider the case o > ¢'(—1 — 0). Set
Vs(n) = {t € X ; u(I.(t)) <[ In(t) |°}.
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We have

o= 1 U N W0

¢’ (~1-0)<B<am>1n>m

and

V= N N U vsn).

¢ (—1-0)<B<am>1n>m

Let us fix 8 €]¢'(—1 — 0), o and consider the family Z of those I, ;’s such that
0 < p(In,;) <| I,j |P . By proposition 1, section II, if § > f(8), we have ;.7 | I |°< oo.
And we conclude as for assertion 2.

IV. Lower bounds for dimensions
In this section, we furthermore assume that the set of intervals {I,, ;}n j considered
in section III is endowed with the structure of an homogeneous tree : any I, ; contains ¢
intervals I, 11 %, and any I, x is contained in one I, ;. In these conditions, we can label

the I, ;’s, for 1 < j < ¢", in the following way : I, c,,....c,, With 0 <¢; < gq.

We introduce the following notation : for non-negative functions v and v, u ~ v means
that there exists a positive constant 4 such that A~'u < v < Au.

We still are given a probability measure p on the Borel sets in [0, 1], and throughout
this section we make the following assumptions :

H; BLeyen,msemmiyemn) & B(Ley oo ) (Tny,oeom)

H, ey e 12 Teyeen | Ty |

H; lim sup%log ( sup | I, |> <0

I1<j<q”
(of course the constants A; and Ag, implicit in H; andHj, are independent of the indices
involved).

In this section, we take A, = n. Then a sub-additivity argument shows that hypotheses
H; and Hs imply that

1 / . _
Cn(xay) = ﬁlogz /L(In,j) + | Inaj | Y
J

has a finite limit C(z,y) for any (z,%) € R?.
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We have C'(0,0) = 0 and C(—1,—1) < 0. So, the corresponding ¢ does not assume
the value 4+o00. Moreover, it results from Hg that 2 is not empty.

On the other hand, G. Michon [19] proved that, for any (z, yo) € IR?, there exists a
probability measure fiz, 4, on [0, 1[ with the following property :

lffaco,yo(In,j) = ,u,(InJ.)wo—H ‘ In,j |—yo e_nC(on,yo).

This measure, called Gibbs measure, also satisfies Hy. So, we can consider the following
quantity

. 1 ! . _
Curoyo(,y) = lim ﬁlogz 1L 5)" | I |7 g o (In,g),

which is one of those which have been introduced in section II. Indeed we have

. 1 . _
Coogo(@,y) = lim “log / (T (0) | Tn(0) |7 dptag g (2).
n—ool {u(I,(t))>0}

It results from a straightforward computation that

CiEO,yO (.73, y) = C(.Z' + Zo,y + yO) - C($07 yO)

THEOREM 1. For any real number 6, we have

. "O@+0)) if 6>-—1
dim(Viyr (9+0) N Byr(9—0)) = {ff((gf'((e j 0)))) ZJJ: 0<—1.

Proof. Set pg = pig, o0 and Cg = Cy 49 We then have Cy(z,y) = C(z + 0,y + ¢(9)).
So, the function ¢y the graph of which separates positive and negative values of Cy is the
function pg(z) = p(z+0) — p(0). It results from the corollary to proposition 2, section II,
that, for pg-almost every t, we have

(log :U'(In(t)?

"0 +0) < lim in
P (0+0) log | In(t)

< ¢'(0-0).
In other terms, this means

Ho (Voro40) N By (9-0)) = L.
On the other hand, we have

log pig(In(t)) log (1, (1))
og | 1) | T Vg [ 1,00 |

So, for § > —1, and for pug-almost every ¢, we have

—¢(0) + o(1).

. log pe(In(t)) , e
lim mflog|61—n(t)| > (04 1)¢'(0+0) — o(0) = f(¢'(6+0)).



Similarly, if # < —1, then, for ug-almost every ¢, we have

. flog He (In(t))

lim in m > (0+ 1)90,(9 —0) —(0) = f(‘/’l(e —0)).

And we conclude by using the Kinney-Pitcher-Billingsley theorem [4][12].

REMARK. In fact, we proved a bit more : if A is a Borel set such that ug(A) > 0,
then we have dim A > min(f(¢'(6 — 0)), f(¢'(0 +0))).

As a matter of fact, the above analysis has the following by-product : the existence of
pe for all f’s implies that f cannot assume negative values. This means that ¢ is defined
on the whole of IR and that its graph has two asymptotes.

In order to summarize these results, it is convenient to introduce the following no-
tations : af = ¢'(—1 —0), ay = ¢'(~1+0), and, if a € [¢'(f + 0),¢' (0 — 0)], we set
at = ¢'(0 —0) and o= = ¢'(6 + 0). By putting together lower and upper bounds, we
obtain the following results.

THEOREM 2.
L. inf[f(a”), f(@)] < dim Ey- o+ < Dim Ey- o+ < sup[f(a”), fa™)].
2. Ifa< a(')", then we have

dimVy = Dim V] = —p(—1) and
dim B,- = Dim B,- =dim B _ = f(a™).

3. If o > o, then we have

dim B, = Dim B, = —p(—1) and
dim Vy+r = DimVye = dim VY = f(a™).

Proof. Assertion 1 follows easily by combining theorems 3.1 and 4.1. Let us consider
the case a < ag. We have, by theorem 3.1, dimB*_ < f(a”) and Dim B,- < f(a7).
On the other hand, if 3 < o™, we have B*_ D B,- D Eg- g+, so dimE,- > f(87). But

lim B~ = a~, therefore

B/a”

dimB}_ >dimB,- > sup f(87)=f(a").
B <a”

This proves the second part of assertion 2.
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Now, if a > oy, then we have B}, D B, D Bg for all 8 < oy, so

dimB, > sup dimBg- = sup f(B7) = flag)=—p(-1).
B < oy B <oy

This proves the first part of assertion 3. The other assertions are proved similarly.

COROLLARY 1. Set E, = {t €[0,1[; lim log pIn (1) a}. We then have

lleln(t)l
n — 00
dimE,- = DimE,- = f(a™) or dimE,+ = DimE,+ = f(a™) according to whether

a < oy oraZag'.

COROLLARY 2. Set B, = {t €[0,1]; lim sup % = a} . We have

n — 00
dim B,- = Dim B,- = f(a™) or dim B+ = f(a™1) according to whether a < gy or
a > aar.

This results from theorem 2 and from the fact that B, = B, N V. We also have a
result of the same kind for the set V,, of t’s for which the lower limit is «.

This last corollary generalizes a result of Collet, Lebowitz and Porzio [7].

V. Examples

1. An example where dim E,, # f(«a) for some a.
Let {1, ... e, }n>1,0<¢;<4 be the collection of 5-adic intervals :

Ipe, =D 6577, ) 577 +577.
7j=1 j=1

For any number t € [0, 1[, we consider its base 5 expansion

t=> €57 ,0<¢ <5
i1

(multiple expansions are too scarce to matter), and set
1 . .
p;(t,n) = Ecard{k <n;e =73} for 0<j<5.
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We define a measure y in the following way. It is the average of two probabilities, one
of which is supported by the first fifth of the unit interval and the second by the last fifth.
The first of these mass distributions sees only the digits 0,2,4 of the base 5 expansion and
treats them equally; the second sees only the digits 1,3 and treats them equally. So, the
measure 4 is supported by the union of two Cantor like sets, and for #’s in its support we

have:
0 if 1<e<3
w(I, (1)) = 2~ 1g—n(po(tn)tea(tn)t+ealtn)) jf ¢ =
g-1-n(ei(tm)+ea(tn)) if ¢ — 4,

log 2 xlogB
log 57 log 5

a < log3/logh. But E, = () unless o = log2/log5b or o = log 3/log5.

It is easy to see that ¢(x) = min (m ) , so one has f(a) = a for log2/log5h <

2. The multinomial measures.

Let b be an integer > 2 and {I, ..., } stand for the b-adic intervals : 0 < ¢; < b,
I, ... |=b"". We define @;(t,n) (t € [0,1[, 0 < 7 < b) as in the preceding paragraph.
1,""5€n J

Let m = {m; }o<j<p be a sequence of b non-negative real numbers such that

Then, we define a measure p,, in the following way

10g pian (In(t))) =1 Y ;(t, n)logm;.
0<j<b

These measures have been used as a paradigm for multifractal measures [12]. For them, it
has been proved [12] that the multifractal formalism work. As they satisfy hypothesis H;
of section IV, they can be handled by our method. In fact all computations are explicit

: 7(q) = —log (ZO<Ij <b m?) , where log is the base b logarithm. The Gibbs measures are
also multinomial measures.

In the case b = 2, the sets E,, B, and V* have been considered by Eggleston [8],
Besicovitch [3] and Volkman [24] respectively and they determined their dimensions. So our
results can be considered as a generalization of theirs, although the methods are different.

3. Besicovitch and Volkman type results for base 3.

We have already defined ¢o(t,n), ¢1(t,n) and @3(t,n). Let us consider the set

Gap={t€]0,1]; lim suppo(t,n) < o and lim supe;(t,n) < S}.
n — 0o n — 0o

12



Let us set
h(u,v,w) = —ulogu — vlogv —wlogw (base 3 logarithms).

We are going to prove that

1 1
(]_ if azgandﬁzg

h(a,,1 —a—p)if 2a+B<land a+258<1
i = 1-— 1-— 1
dim G5 = S h(a, 2(1’ 2(1) ifa+28>1and a< 3
1-4 128

2 75’ 2

1
h( )if2a+ﬂ21and,3§§.

\

1

Clearly, if  and (3 are greater than 3,

in base 3. So, dimG, g = 1.

G p contains the numbers which are normal

Let us suppose that 2a+ 3 <1 and aa+ 28 < 1 and consider the multinomial measure
1= a,p1—a-p)- St d=h(a,B,1—a— f).

Since, for almost every ¢, ¢o(t,n) and ¢, (t,n) converge towards « and 3 respectively,
we have (G4 g) = 1, and, therefore (by the remark following theorem 4.1), dim G, g > d.

On the other hand we have

g

1 _ l—a-— -3
—;fogﬁdlnﬂ))——on,nﬂog———ET——-

1—
+ p1(t, n)logL

p
But both numbers (1 — a — f)/a and (1 — a — 8)/5 are larger than 1 so, if t € G, g, we
have

—log(l — a—p).

1—a—

w Ogﬂ T log(1 — & — B)

Sh(aaﬁal_a_ﬂ)'
So Gap C By. But f(d) =d, so DimG, g < d.

In the other cases, the proof is similar, but this time we use for p one of the measures
Ho oo 1oa OF l1-8 g 1-8.

’ 2 2 2 W2

4.The cookie-cutter.
The final example which we would like to use to illustrate the previous results is the
‘cookie-cutter’ introduced and elucidated by Bohr and Rand in [5]. In that case the map

@ is well-behaved and gives detailed information about dim E,, as a function of a.
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In fact one considers a smooth expanding map F', defined on two subintervals Iy and I
of the unit interval I, so that F(Ip) = F(I;) = I and denotes by Fy and F; the respective
inverse branches.

Define the intervals I., . = Fr o---o0 F, (I) and consider the Cantor like set
N, Usl’___,en I, ..., provided with the measure of maximum entropy p: p(le, .. ¢,) = 27"
Then
9—n(z+1)

|‘[517"'75n ‘y

1
Cn<x7y) = ;10g2 Z

€1,y.409En

As n goes to infinity, C,(z,y) converges to C(z,y) = —(z + 1) + logyp(Ly), where p(L,)
is the spectral radius of the positive transfer operator

Since this operator has a simple eigenvalue at the spectral radius, it results that this
spectral radius is smooth as a function of y and is in fact invertible. In this case the
function ¢, defined by the equality C(z,¢(z)) = 0, is itself smooth and the previous
theorems give the value of dim F,.

Appendix: the Tricot Dimension

Let E be a subset of a metric space (X, d). An e-packing of E is a collection {B,,} of
mutually disjoint closed balls of diameter less than & which intersect E. If « is a positive
number, we consider the following quantity

Pa(E) = lim inf{) ~ B,|B, being an e—packing of E}.
e—0

Define
A(E) = inf{a|p.(E) = 0}.

In the case X = IR, A(E) is nothing but the so-called ‘box dimension’ of E. The point,

with this notion of dimension, is that it does not distinguishes a set and its closure. For

instance, the box dimension of the rational numbers is 1, although this set is countable.
In order to obviate this difficulty, C. Tricot set the following definition

Dim (E) = inf{s%p A(En)|E C | J En}.

This new index has the same stability properties as Hausdorff dimension: A C B
implies Dim A < Dim B, and if E is the union of a non-decreasing sequence {E,,} we have
Dim F = sup Dim E,,.

On the other hand, we always have dim < A (where dim stands for the Hausdorff
dimension). It results that we have dim < Dim.

For a complete treatment of these indices see [21] [22] [23] and [20] for a related notion.
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