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1 - INTRODUCTION 

W e  s tudy t h e  e f f e c t  of d e t e r m i n i s t i c  d i s o r d e r  on t h e  v i b r a t i o n a l  densi-  

t y  of  s t a t e s  and modes of  a one dimensional e l a s t i c  chain.  To t h i s  end, 

we use automatic  sequences and sequences generated by a s u b s t i t u t i o n  

ope ra t ing  on a two l e t t e r  a lphabet  ( ( 0 , l )  o r  ( a , b ) )  which have been 

inves t iga t ed  and used by harmonic a n a l y s t s  and number t h e o r e t i c i a n s  

/1, 2/. We g i v e  two examples : 

1) The Fibonacci  sequence genera t inq  a "ID Penrose t i l i n g "  (wi thout  

coloured v e r t i c e s ) .  The s u b s t i t u t i o n  a i s  defined a s  

a ( a )  = ab  

a (b) = abb 

It has non cons tan t  l eng th ,  t h e  sequence generated by r epea t ed ly  apply- 

ing  o is  quas i  pe r iod i c .  Note t h a t  t h e  usua l  2D Penrose t i l i n g  can be 

generated by a s u b s t i t u t i o n  o ope ra t ing  on a l a r g e r  a lphabet .  

2 )  The Thue-Morse sequence where a i s  def ined  by 

a ( a )  = ab 

o (b)  = ba and f o r  i n s t ance  

o4  ( a )  = abbabaabbaababba 

is  net quas i -per iodic  and c a l l e d  au'tomatic because it  can a l s o  be gene- 

r a t e d  by t r a v e l l i n g  on t h e  fol lowing 2-automaton s t a r t i n g  £rom a : 

t h e  f i f t h  term of t h e  sequence,(which has  a zeroth t e r m l i s  obtained 

using t h e  decomposition i n  base 2 of 5 : 101. (The r e s u l t  i s  a ) .  A l 1  

t he se  sequences a r e  comple t e lyde t e rmin i s t i c  ; theyhave  zero entropyJ3/ 

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1986318

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1986318


JOURNAL DE PHYSIQUE 

Recently, the effect of quasi-periodic sequences on the properties of 

the spectrum of certain Schrodinger operators /4/ (for a review, see 

/5/) andonthevibrational/6/ and electronic modes of discrete one 

dimensional chains has been widely investiqated. We chose to concen- 

trate, instead, on the non quasi-periodic Morse sequence. 

II - THE "QUASI-ALLOY" MODEL 
We study a chain of N = 2" masses and identical springs, with two 

different kinds of masses mo and ml. 

The sequence of masses {m.) is such that the indices O and 1 are dis- 
3 

tributed according, here, to ?Torse sequence. We coined the name of 

"quasi-alloy" for this class of models by analogy with quasicrystal 

models where properties are diçtributed after Fibonacci or Fibonacci- 

like sequences. The u. beinq displacements, we look for time stationa- 
1 

ry solutions of 

d2u. 
(1) m 3 = K ( U ~ + ~  - u. - (u - u ) )  hence 

j I j j-1 

Let m u2 
po = 1, pl < 1, then one has 



T h e r e l a t i o n s h i p t o a t i g h t - b i n d i n q m o d e l f o r  e l e c t r o n s w i l l b e a n a l v s e d  

elsewhere /7/. 

We can w r i t e ,  using a  t r a n s f e r  mat r ix  formalism /8 ,  1 7 /  

with d e t  (Ti ( x ) )  = 1 ; then  

When M has eigenvalues of  modulus 1, propagat ion may occur 
P  

P  
and 

(7)  
1 cos  8 = Tr M ( w 2 )  

P  

where M (w2) is  a  polynomial of degree p i n  w 2  ( o r  x) and 6 charac-  
P 

t e r i z e s  t h e  r o t a t i o n  of t h e  wave func t ion  phase and p l ays  t h e  r ô l e  

of t h e  wave number i n  t h e  pe r iod i c  case. One then o b t a i n s  t h e  a n a l y t i c  

d i spe r s ion  r e l a t i o n  

I n  one dimension, 6 ,  convenient ly normal ized , i s  a l s o  t h e  i n t e g r a t e d  

dens i ty  of S t a t e s  (IDS) /9 / .  

When Y has r e a l  e igenvalues ,  t h e  phase is  blocked (qap), t h e  
P 

Ljapounov e x p o n e n t y i s  non zero. I n  t h e  f i r s t  c a se  I T ~  Y ( < 2, i n  t h e  
P 

second [ Tr M [ > 2  
P  

III - THE TRACE MAPPING THEOREM AND ITS APPLICATIONS 

The fundamental r ô l e  of t h e  t r a c e  of t h e  mapping, which c o n t r o l s  t h e  

behaviour of t h e  phase 6 ,  t h e  gaps,  t h e  Ljapounov e x ~ o n e n t  and t h e  

escape p r o p e r t i e s  /Il/, has  prompted two of us  t o  i n v e s t i a a t e  more 

gene ra l ly  t h e  p r o p e r t i e s  o f  the t r a c e  of such a  mat r ix  product 

f o r  a  c l a s s  of s u b s t i t u t i o n s  o ./IO/ 

Theorem : Let  o be a  s u b s t i t u t i o n  on a  two l e t t e r  a lphabet  (a,b). 

Then t h e r e  e x i s t s  a  polynomial m a p  @ : R5 -+ R5 with  i n t e a e r  coe f f i -  
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Fiq. 1 : The intesrated density of states 6 ( w 2 )  for a Morse elastic 

chain of 2' = 512 masses m and m l  , - - 
O 

- 0.8 
mo 

site number n 

Fig. 2 : Normalized mode for x = 6.487 in a Morse elastic c h a h  of 
1 Z7 = 128 sites with = 0.5 



c i e n t s  such t h a t  i f  A and B a r e  2 x 2 mat r ices  and one cons iders  t h e  

mat r ix  product  M2n  ob ta ined  by r ep l ac ing  a  by A and b by B i n  a n ( a )  

t hen  : T r  M2, = 1st component (+n (TrA,TrB, TrAB,detA, de tB) )  

+ can be e x p l i c i t l y  cons t ruc ted .  See /IO/ f o r  t h e  proof ,  
1 For t h e  Morse sequence, t h e  t r a c e  mapping wi th  tn = Tr M2n(w2) i s  

- (9)  tn+l - 4 tn  ti-l - 4 t A - l  + 1 n > 2  

One sees  t h a t  t h e  use of t h e  a n a l y t i c  d i spe r s ion  r e l a t i o n  ( 8 )  t oge the r  

wi th  t h e  t r a c e  mapping (9 )  c o n s t i t u t e s  a  very  powerful t o o l  t o  desc r i -  

be t h e  band s t r u c t u r e  ( s t a b i l i t y ,  t o t a l  measure of gaps,  behaviour of  

s i n g u l a r i t i e s . . . )  of such cha ins  / 7/. I n  p a r t i c u l a r  it al lows very  

accu ra t e  numerical ca l cu l a t i ons .Nb te  t h a t  t h e  theorem y i e l d s ,  f o r  t h e  
Fibonacci  sequence t h e  t r a c e  mapping 

- 
(10) t n + l - 2 t n t n - l - t n - 2  

wi th  t he  q u a n t i t y  

( I l )  1 = - 1 + t; + t;-1 + t:4 - 2 t n  tn-l tn-2 

independent of n. (10) and (11) have previous ly  been found by s e v e r a l  

au tho r s  / I l ,  1'2, 13/. 

The IDS f o r  a  vorse  e l a s t i c  cha in  of 2' = 512 s i t e s  der ived  £rom (8 )  

i s  shown on Fiqure 1. Observation of a  success ion  of i t e r a t e s  i n d i c a t e s  

t h a t  gaps i nc rease  i n  nuinber b u t  a l s o  s t a b i l i z e .  The ex i s t ence  of  a  

s e l f  s i m i l a r  s t r u c t u r e  /14/ 1s a l ready  obvious a t  t h i s  s t a q e  /7/. 

IV - -IODES 

n 
The nodes of a Morse e l a s t i c  cha in  of 2 s i t e s  a r e  s t u d i e s  us ing  t h e  

s y m e t r i c  t r i d i a g o n a l  d--namical mat r ix  deduced trom t h e  2" equat ions  

( ô )  with f i xed  end boundary condi t ions  : 

Having der ived  2" f requencies  w 2  one numerical ly c a l c u l a t e s  t h e  cor res -  
3 

ponding modes. Figure 2 shows an example of such a mode, local ized/ l5A 

t h a t  has  a non t r i v i a l  decrease  from t h e  c e n t e r  peak. Analoqous wave 

func t ions  have been descr ibed  i n  c e r t a i n  quas ipe r iod i c  s i t u a t i o n s  /16/. 
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