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A Vectorial Multifractal Formalism
Jacques Peyriere

ABSTRACT. We develop a formalism to perform the multifractal analysis of
vector valued functions of balls in a metric space.

Foreword

In 1973, when I was studying the Hausdorff dimension of Borel sets which carry
Riesz products, I was not aware it would orient my scientific life. One day, my
advisor, Jean-Pierre Kahane, told me “I just met my friend Benoit Mandelbrot and
he told me of a problem which could interest you. Indeed, I suspect that it has some
close connection with what you have just done on Riesz Products”. The problem
was to validate Benoit’s conjecture on the Hausdorff dimension of Borel sets which
carry the random measures he had just introduced to model turbulence. Jean-Pierre
Kahane was right: I solved this problem. This is why Benoit invited me to spend
one year as his postdoc at the T.J. Watson Research Center of IBM at Yorktown
Heights. I benefited of almost daily long interviews with him. Discussion always
began on scientific topics, but very quickly the conversation took an unexpected
turn and the most eclectic subjects came into play. Benoit freely associated the
thoughts which came into his mind. What still amazes me is that he never got
lost: although he opened lots of parentheses, he was able to close them in the right
order, sometimes more than an hour later. This has been a very stimulating stay
and the start of a close connection with him and of a long lasting collaboration.

This is why I am very happy to dedicate this article to Benofit.

1. Introduction

The term multifractal and the notion of multifractality appeared in [15] al-
though multifractal objets had been defined and considered before [24, 25]. Since
then this has been an active field of research (for instance, see [1, 3, 4, 6, 7, 8, 9,
12, 16, 18, 19, 20, 21, 22, 23, 26, 27, 28, 29, 30, 35, 36, 37, 39, 40]). In the
beginning, the multifractal formalism was restricted to the study of measures and
was dependent on a hierarchy of “boxes”. In other terms, it took place on a tree.
Later on, Olsen [36] defined a grid-free setting.
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Also, it appeared that one can analyse more general objects than measures:
functions [18, 19, 20, 21, 22] and sequences of Choquet capacities [23].

Multifractal analysis involves two functions of sets, a measure and the diameter.
Indeed the former is analyzed with respect to the latter, but it was observed in [31,
32| that there is some duality between these two functions.

The present article emphasizes this duality by replacing the diameter by a more
general function defined on balls in a metric space and analysing functions defined
on balls which are more general than measures. Moreover, these functions upon
analysis can be Banach valued. This leads to results on the simultaneous behavior
of possibly infinitely many local Hélder exponents.

2. Generalized Hausdorff
and packing measures and dimensions

We deal with a metric space (X,d). By B(x,r), where € X and r > 0, we
mean the ball {y € X | d(z,y) < r}. We assume that this metric space fulfills the
Besicovitch covering property. This means that there exists an integer constant 6
with the following property: if {B(x,7;)}zca is a family of closed balls of X whose
radii are bounded, one can extract from this family 6 packings which altogether
cover A. Euclidean spaces and totally disconnected metric spaces are of this kind.

Definition 1. A valuation on the metric space (X, d) is a real function £ defined
on the set of balls of X, subject to the condition that it goes to +oc as the radius
goes to 0. More precisely, if £(x,r) stands for the value of £ on the ball B(z,r) =
{y € X| d(z,y) < r}, then, for all z € X, one has }i{r%)g(x, r) = 400.

When such a valuation is given, one sets
Xp,={zeX|&x,r)>1forr<1/n}.

2.1. Hausdorff measures. We define Hausdorff-like measures. A few modi-
fications of the usual definitions [17, 41] are needed for technical reasons. If A C X,
t>0,and § > 0, one sets

(1) 5%2(14) = inf Ze‘tﬁ(:’:j’”) | AC UB(xj,rj), r; <6, and z; € A
J J

and

(2)  He(A) = lim H(A).

It is plain to check that, as functions of A, these quantities are o-subadditive.
But, because the covers are made of balls centered on A, one cannot assert that ﬁz
is non-decreasing. This is why one considers

(3) He(A) = sup He(F).

~t . . .
Now H, is a metric outer measure. Nevertheless, one more step is needed because

~
one cannot assert that, as a function of ¢, H,(A) is non-decreasing. Nevertheless it
is so if A is a subset of one of the X,,. This is why one sets

HL(A) = lim H(ANX,).
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This time, as a function of ¢, Hz (A) is non-increasing. More precisely, if s < ¢
and H(A) < +oo, then H¢(A) = 0. This implies

inf {t > 0] HE(A) =0} =sup{t>0] HE(A) = 4o0}.

The common value of these bounds will be denoted by dimg A.

2.2. Packing measures. We define generalized packing measures and dimen-
sion along the same lines as in [42]. We set

552(14) = sup Z e~ te@iri)
J

where this supremum is taken on collections {(z;,7;)} such that r; < ¢ and
{B(xj,r;)} is a centered packing of A (when considering packings we shall always
mean centered packings). Then, we define

¢

— . —t

~t . —t
Pe(A) =inf{ > Pe(Fy) |AC|JF; ¢,
J J

and
PE(A) = Tim Pe(ANX,).

~t
The set functions P, and 732 are metric outer measures and PE(A) has the

following property as a function of ¢: if s <t and P¢(A) < 400, then PE(A) = 0.
This allows one to set

Dim¢ A = inf{t > 0 | P¢(A) = 0} = sup{t > 0 | P¢(A) = oo}.

LEMMA 1. One has Hg <40 Pg.

Proof. Consider a positive number ¢ and a subset A of X. One can extract 6
packings from the family {B(z,d)}.ca which altogether form a cover of A. This

shows that 5%2(14) <0 552(14) and ﬂz(A) <0 52(14)
If A C U;jsq4;, one has ﬁz(A) < ijoﬁz(Aj) < HZjZsz(Aj), which
implies ﬁZ(A) <4 ﬁz(A) for all A C X, which in its turn implies 7'72(14) <40 752 (4).
COROLLARY 2. One has dim¢ < Dimg .

REMARK. The usual choice for £(z,r) is —logr. In this case dim¢ and Dimg
are the ordinary Hausdorff and packing dimensions. But one could think of other
choices. For instance, &(z,7) = log(1 + log™* 1/r) would allow one to distinguish
among sets of zero dimension. In some other circumstances, for instance when
X is a Riemannian manifold, it could be convenient to take for £(z,r) minus the
logarithm of the volume of the ball B(z,r).
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2.3. The Minkowski-Bouligand dimension. One also defines an index A
which generalizes the Minkowski-Bouligand dimension: for a bounded set A, one
sets

Ag¢(A) = inf {t >0| ngrfoofz(/l NX,) = ()} .

It is easily checked that Pg(A) < lim, 4o 52 (ANX,). Thus Dimg < Ag.
If A is unbounded, one chooses zg € X and set

A¢(A) = Jlim A (AN B(zo,n)).

Due to the monotonicity of A¢, this definition does not depend on the choice of xy.
Now, we wish to give an alternate definition of A¢.
Definition 2. The valuation ¢ is said to be normal if, for all n > 1 and all
€ > 0, there exists p > 0, such that ijo e—sln(p27) < 400, where

&n(t) = inf inf  &(z,7).

zeX, t/2<r<t

If A is a bounded subset of X, we define
(1) P (A) = sup Y e,

where the supremum is taken over the collection of d-packings { B(z;,r;)} of A such
that §/2 < r; < ¢ and

(5) P (A) = suplimsup ;P (ANX,).
n>1 5\0
Then we define
A{(A) =inf{t > 0| P (A) =0}.

If A is unbounded, as previously we choose g € X and set

A (A) = nl_{r_{loo AF (AN B(zo,n)).

Then we have the following result.

PROPOSITION 3. If the valuation & is normal, then A¢(A) = AE(A).

Proof. We may suppose that A is bounded. This proof follows the same lines as
in [42].

Since, for all n > 1, P{{(ANX,) < 52(14 NXp), one has Af(A) < Ag(A).

We suppose that Ag(A) > 0, otherwise we are finished. Let ¢ and € be two
positive numbers such that 0 < ¢t —e < t < Ag(A). Therefore, there exists n > 1
such that fZ(A NX,) = +oo.

We define recursively a sequence {7, }m>o. First, ng = 275 p, where p is
given by the normality of £ and kg is chosen so that o < 1/n. Suppose 7,
has been defined. Then there exists a (1,,/2)-packing {B(z;,r;)} of ANX, with
> e t€(zi:75) > 1. There exists a positive integer k£ > 1 such that

Z e_tf(xjvrj) > 6_55(27]%7771)/ Ze_sé(zilnm)_

2=y, <pr;<2-kn, >1
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Then we set 7,41 = 27%n,,. It results that

'Pzt_E(A nx,) > Z e~ t&(@iri) g &(zyimy) 1/ Ze—EE(Qflnm)_

JiNm41/2<r <Nmt1 1>1

Nm41

Therefore Pzt_E(A NX,) = +oo and A (ANX,) >t —e. Due to the choice of ¢
and ¢, this means that A¢(A) < AZ(A).

3. A multifractal formalism

We are given a valuation function &, and a function s from X x R to E/, the
dual of a separable real Banach space E. We denote by ( , ) the duality bracket
between E and E’.

We are going to define several quantities and sets, as in [36].

3.1. Multifractal Hausdorff and packing measures. For A C X, q € E,
t € R, and § > 0, we set

5P (A) = sup > o~ @ty mrtetesn)
J

where this supremum is taken on collections {(z;,7;)} such that r; < ¢ and
{B(xj,r;j)} is a centered packing of A.
Then, as previously, we set

4t . 4t
A) = lim A
Pﬁ,%( ) 51\‘0 57)5,%( )7

=4t . =t
P{,%(A) = inf ZPE,%(FJ) | AcC UF] )
J J

and

PLL(A) = lim Pio(ANX,).

Similarly, Hausdorff-like quantities are defined:
5ﬁg:;(‘4) — inf Z e ((%”(%Wj))'ﬁ't f(xjﬂ"j)) 7
J

where the infimum is taken over the families {(x;,r;)} such that {B(z;,7;)} is a
centered d-cover of A,

Heol(4) = lim §H(4),

~q,t —q,t
He . (A) = sup He . (F),
FCA

and

HIL(A) = lim He o (ANX,).

n—oo
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REMARK. Of course, when s = 0, these measures reduce to the ones defined
in Section 2.

These constructions have some similarities with the ones in Pesin’s book [38].
Indeed, functions (g, ») and ¢ would correspond in Pesin’s terminology to —log¢
and — logn, Pesin’s function ¢ would be the diameter and F the collection of balls
of X. But there are two main differences. The first one is that we use centered covers
and packings and the second is that we do not assume any continuity property of
7 with respect to ¢ (in Pesin’s notation). This is why two more steps are needed
to construct these measures. Moreover, taking logarithms is not a mere rewriting;
It allows to consider Banach valued functions s.

One defines, as in [36],
B .(q) = inf{t € R | PE,(X) = 0},
and
b (q) = inf{t € R | HL' (X) = 0}.
As in the previous section, we have the inequality be . < Bg ..
PROPOSITION 4. The function Bg ;. is convez.

PrROOF. The proof follows [36]. Let p and g be two points in E; take t > B ,.(p)
and u > Be .(q). So, foralln > 1, ﬁg;(Xn) = j’vgi(Xn) = 0. Therefore, for each n
one can find decompositions X,, = (J;51 Aj = Uy>; Fr such that 3., 52);(14]) <

1and 3,5, P¢.(Fi) < 1. Then the logarithmic convexity of (g,t) — fgi(A)
implies

—« a)q,a a)u X —qu 1o
7’5? (reattize) (A N Fy) < (7’}57 (450 Fk)) (Péj%<Aj N Fk))
for all a € (0,1). Then, due to the Hélder inequality, one has
Z ,Pap+ (1—a)q,at+(1— a)u(A' n Fk)
J
1<j,k<m
o l—«
—p,t —q,u
<| > Pi.(ANF) > PiL(ANFy)
1<j,k<m 1<j,k<m
« 11—«
_p’t
D Pl | (m D> PoR)] <m.
1<j<m 1<k<m
It results that
P?ﬁ:r(lfa)q,at+(1fa)u U AJ N Fk _
1<j,k<m
ﬁ?i+(l—a)q,at+(1—a)u U Aj nF | <m

1<j,k<m
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Therefore, if € > 0, one has P
follows.

am—(l )g,etH(1- O‘)“+E(Xn) = 0. The proposition then

3.2. Local Holder exponent — Chernoff-like inequalities. If a € E’ and

E CE, we set
: (w, »(x,7))
(6) Xe (o, E) = ¢z | limsup ————F+ < (w,a) forall w e E ;.
N0 6(37, 7")
The set X¢ ,. (v, E) will simply be denoted by X¢ ,.(a). This is the set of points
w(x, )

such that li\r‘n = « (according to the o(E,E’) topology).

0 &(z,7)
PROPOSITION 5. One has

Dimg Xg’%(a, {Q}) < <q, Ol> + BE,%(q)'

Proof. Let £ and 1 be two positive numbers, ¢ € E, and m and n two positive
integers such that m > n.

Set  Apn(e) = {x e X, | {&7%» <(g,a)+¢e for r< 1/m}

Then, if {B(x;,r;)} is a d-packing of a subset F' of A,, (), with § < 1/m, one has

Ze (g:0)+e+Be, %(q)-ﬁ—n) &zms) < Ze (g, (931,Tj)>+€(117Tj)(B5,K(Q)+TI))7
J

from which it follows

fé‘Z7a>+E+B§,%(Q)+U( ) < ngB£ %(‘J)"F"I(F)'

Be, s
Since ’Pq’Bg”‘(Q)—m(X) = 0, it follows that, for all n, PZ o (@ HW(XH) = 0. There-

fore, inf Pq’BE ”(QHW N X, ClJF; ¢ =0. It results
F} J

o o Be .

Péq, )+€+B§,%(q)+n(Am,n( ) = qu )+e+Be, (q)+n(Am7n(€)) —o.

So, we have Dim¢ A, »(¢) < (¢, @) + € + Be ,.(q). But as
re X [Timsup L2 g oy b () U Ama(1/0),

™0 §(z,7) n>1p>1lm>n

we get the announced inequality.
COROLLARY 6. For a € E' and E C E, one has
Dim¢ X¢ (o, F) < in%(q,a} + Be . (q).
qe

REMARK. Of course, if this formula gives a negative dimension, this means
that the corresponding set is empty.

PROPOSITION 7. Let X¢ , («, E) be the set defined as in Equation (6), but with
liminf instead of limsup. Then

dimg X¢ (o, E) < inf (g, @) + Be ».(q)-
’ q€EE
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Proof. As above, it is enough to consider the case E = {¢q}. This time, one sets

s <Qa %(xa 7")) 1
— 22 T L —
Amn {x eX, | hgn\l(r)lf ) (q,a) + -

Let F be a subset of A,,, and § a positive number less than 1/n. For any
x € F, there exists r, < & such that (g, 3(z,7,)) < ((q, @) + L) &(,r,). Since the
Besicovitch covering property is assumed to hold, one can extract from the family
{B(z, TI)}xeF a family {Bi’j}1<i<9,j>0 of balls which covers F' and such that, for

every i, {Bi,j }jzo is a packing. Then, for any n > 0, one gets
6ﬁéq,a)+l/m+l3g,%(q)+n( F)<6 P?Bg "(an(F).

It is then easy to conclude that Héq’aHl/erB&'”( H"(Amm) = 0. This implies

dimg A < (g, @) +1/m + Bg ..(q). The proposition follows from X7 (a,q) =
Uns1 N1 Aman-
3.3. The converse inequality. We will use the following notations:
o If B¢ ..(q)] < 0o and v € E, one sets

Be ..(q+tv) — Be .. (q)

b

0uBe (q) = lim .

e B;,.(q) stands for the derivative (considered as an element of E) of B ,.
at point ¢, when it exists.

When Bg¢ ;. has a partial derivative at point ¢ along the direction v, one has
0_vBe »(q) = —0,B¢ ..(¢). When Bé)%(q) exists, 0,B¢ ..(q) = <U,B/£’%(q)>.

LEMMA 8. Let v € E and g such that |Be ..(q)| < co. Then

q,B¢, 5 (q) : . <Uv %(JJ,T)> _ _
He, {x | llgl\%lf @) < —0yB¢ .(q) p = 0.

Proof. We follow [4]. Take A > 0,B¢ ..(¢) and choose ¢t > 0 such that B¢ ,.(¢+1tv) <
B¢ ..(q) + At. Consider the set

F,={zeX, |1iminfw < oAb
™0 §(x,7")

Given any § € (0,1/n), for each x € F,,, one can find r, > 0 such that r, < § and
(v, 5¢(x,r2)) + AE(x, ) < 0. Let F’ be any non-empty subset of F,,. Due to the
Besicovitch covering property of X, one can find 6 sequences (z;;); (1 <1i < 6) of
points of F’ such that, for ¢ =1,2,--- ,6, the balls (B(xw, wa))j form a packing

of F' and that these packings altogether form a cover of F’. Then one has
LB () < D o (@@ rey ) +Be(@) € sra, ;)

1<i<0

< ¥ el ((attv.se(@i jra, ) +(Be (@) FA) E(xijra, ) )
1<i<0 j

S 9 Pqut'UBE %(Q)+/\t(F )

By letting § go to 0, one obtains

(7) H?B& %(Q)( ) <0 Pq+tv ,Be, %(Q)"I‘At(

).
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Now, if F/ = U Fj is written as a countable union, by (7), one gets

779:Be, 5 ( q,B¢, s ( q+tv,Be . (q)FAt
He V() <> HS TU(F) <0 Pl (F)).

So, by the definitions of H and P, one gets
Hq Be, u(q)( F') < epgjv,Bs,%(Q)+At(F,) —0,

and, finally,

~q,Be¢,5(q)
He .. (F,) =0.

(v, (2, 7))
()
the cone C, = {v € E | py(v) > —oc0}. The function p, is concave and the cone C,
s convex. If the interior Cy of Cy is nonempty two alternatives may occur: either
pz(v) = +oo for one v € CS and then py(v) = +oo for all v € C2, or py is

continuous on Cy.

LEMMA 9. Let z € X. Consider the function p,(v) = lim\i(r)lf and

Proof. Suppose C? # 0 and p,(v) < oo for all v € C2. For all € > 0 set

Given two positive integers m and n, consider the set F;,, , = {v €Cy|py 1 > —n}.
These sets are closed in € because the functions p, 1 are upper semi-continuous
and one has Cj = U Fy, n. Therefore, due to Baire’s theorem, one of these sets

m,n>0
has a nonempty interior. As p, > p ., this means that C; contains an open ball

on which p, is bounded from below. This implies that the concave function p, is
locally bounded on €7 and therefore is continuous on Cfy.

PROPOSITION 10. If |B¢ . (q)| < 0o and if the function v — 0,B¢ ..(q) is lower
semi-continuous, one has

2B @ Lo iming AT g p EE}=0.

&, z | 1{,11\1(1)1 £(z,7) wBe »(q) for some v
Proof. Let E be a dense countable subset of E. It results from the properties of p,
and the semi-continuity of 0,B¢ .(g), that

(v, se(x, 1))
{x | Jv e E, hm\l(l)lfw

< 51,B§7%(q)} C
(v, (x, 7))

z | Jv € E, liminf
{ | 0 &(x,r)

< —GUB&%(q)} .

One concludes by using the preceding lemma.

Of course this proposition has some interest only if Hq Bex(a )(X) > 0. If it is
Be,»(q)

o, then for almost every = with respect to Hq’ , ohe has
vy r)

8 1 f———T1L > —0,B¢ .

(8) 1511\1(? &la,r) &(9)

for all v € E.
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By changing v into —v in Formula (8), one gets

(v, 2(z, 7)) <

lim sup < —0,B¢ . (q).

N0 f(l', 7")

PROPOSITION 11. If, for some q, ’Hgf’f”‘@ (X) > 0, and if the function v —
0vBe. 5 (q) is lower semi-continuous, then

, (v (zy )
~ A > >
dimg {x | hin\l(r)lf ) + 0y,B¢ ..(q) >0 for allv e Ep >
Be () — 04Be,(q)-
Proof. Set X = x\hmmfw—i—aB (q) >0forallvelE
. = ™0 g(l’,?") vD¢ () Z

It results from the preceding lemma that there exists n such that

HEP=D (X nX,) > 0.
Take € > 0. For m > n, consider

Foe={zeXnX,|(qx(x,7)+ (0;Be (q) +¢) &(x,7) > 0 for r <1/m}.
As XNX, = Um21 F,, ¢, there exists m such that Hq Be, "(q)(Fm@) > 0. Therefore,
there exist n and a subset F' of F}, . such that P %(Q)(F) > 0. If {B(zj,r;)} is
a centered d-cover of F', with 6 < min{1/n,1/m}, one has

Ze*(Bs,%(Q)*ans,u(Q)*E)E(ijj) > Ze (@.52(x5.75)) +Be  (a) £(x;.75) )

> A OF),
which gives

Be,..(q)—0¢Be . (q)— Be, . (q)—0¢Be¢, s (a)— :Be.(q)
HEe @=0uBe~@=¢(p ) > gl TR = HES Y (F) > 0.
SO7 dimg X Z dimg Fm,s 2 B&%(q) — 6qB§,%(q) —E&.

THEOREM 12. If, for some q, the function B¢ .. is differentiable with derivative
Bé’%(q) and if Hg:ig"‘(q) (X) > 0, then one has be ,.(q) = B¢ »(q) and
dlmE X(_B{g’,%(q)) = Dlng X(_B/E,%(Q)) = Bz,%(_BI{,%(Q))

This results from Corollary 6 and Proposition 11.

3.4. Frostman and Gibbs measures. The hypothesis Hg:zg"‘(q)(X) >0 of
Theorem 12 is usually not easily checked. In this respect, the following lemma may
be useful.

LEMMA 13. If there exists a measure pl? such that for pld-almost every x one

[q]
W (B(z,7)) Be.o.
G B ey < o0, then M “(x) > 0.

has lim sup
N0

Proof. There exist two positive numbers C' and 7 and a Borel subset A of X such
that 49 (A) > 0 and such that, for all z € A and r < 7, one has pld(B(z,r)) <
C e~ Ua:(x,r)+Be 2 (0)6(.7))  Then

la]
H(I B& %((1)( ) Z Hg:ié,%(q) (A) ILL ( )
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We call such a measure a Frostman measure at q.
When there exists a Borel measure pl4, and two positive numbers 1 and C
such that, for all € X, and for all r < 7, one has

©)  + e (@x@niBe.@een) < (B(z,r)) < C o (@) +Be (@€ ())
C — ) —

we say that 47 is a Gibbs measure at g.
For construction of Gibbs measures in the ultrametric context, see [33, 34].

3.5. The A and T functions. One also defines an index Ag .. which gen-
eralizes the Minkowski-Bouligand dimension to the setting of multifractals: for a
bounded set A, one sets

. .=t
Af,(A) = inf {t >0 lim P (ANX,) = o} .
If A is unbounded, one chooses o € X and set

A¢(A) = lim AL (AN B(xo,n)).

As is Section 2.3, this definition does not depend on the choice of xg.
Since the function (g,t) — fg:i(A) is log-convex, the function ¢ — A{ _(A) is
CONVeEX.

Definition 3. We set A¢ ..(q) = A (X).

Obviously, one has

Be . (q) < A¢ s (q)-
If A is a bounded subset of X, we define

(10) 5732qu (A) = sup Z e~ (@ x(@gmy))+te(wors))
where the supremum is taken over the collection of §-packings { B(xj,7;)} of A such
that 6/2 <r; <6 and

(11) Pl (A) = suplimsup sP¢, (ANX,).
n>1 §\0

Then we define
AL (A) = inf{t > 0| P{%(A) = 0}.
If A is unbounded, as previously we choose ¢ € X and set

A;’I%(A) = nEIfoo AZI%(A N B(xg,n)).
Definition 4. 7¢..(q) = A% (X).
Then we have the following result.

PROPOSITION 14. If the valuation § is normal, then Al (A) = A (A) and

Mg se = Te se

Proof. 1t follows the same lines as the one of Proposition 3.
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4. Applications

We are given an integer ¢ > 2. In this section, X is {0,1,2,...,c— 1} endowed
with the usual ultrametric distance: two sequences (€;,)n>0 and (ay, ), >0 are distant
from ¢ if €, # a4 and if €j = a; for all j such that 0 < j < k. We take
&(x, %) = kloge.

Let p = {(pz,o,pl,h . 7pl76*1)}0<l<u be a family of positive numbers. If 2 =
(zn)n>0 € X, one sets s(z,cF) = (—log H0<j<,€pl7xj)0<l<y. In what follows, we
drop the indices £ and s and the space E’ is R”. B

It is easily seen that 7(q) = log, (Z()§j<c H0§l<up?,lj>' As ¢ clearly is normal,
this also is the A function.

If g € R, one sets, for 1 < j < v,

q1 q1
H pl,j/ Z H Py
0<l<v 0<k<c0<I<v

A measure pl9 is defined on X by the formula

u[q] ( H Tap

It is easy to check that

Wl (B, cF)) = o~ (@tee™Nr@e@e™)
This implies H%™?(X) > 0, which has two consequences: be ,.(¢) = Be ..(q) = 7(q)
and the fact that the multifractal formalism holds for all g.

It will be convenient to introduce some more notations. If z = (z,,)n>0 € X,
one sets

1
(12) on(z,j) = - card{0 <k <n |z, =j}

for 57=0,1,...,c— 1.
With this notation, one has

(13) (e F) = | =k D erlw,j)logp;
0=j<e o<i<v

Now we are ready to prove a slight generalization of Eggleston’s theorem [10]. As
a matter of fact, this result can be obtained by Theorem 2 in [13]. See also [14]
for a more general principle.

THEOREM 15. Let v < ¢ and fo, f1,--., fu—1 be positive numbers such that
Zo<j<u fi < 1. Then, the Hausdorff dimension of the set

{m€X| lirf cpn(m,j):fjfor0<j<1/}

is equal to

- > logc Z°_<J<”f” > filog. f

0<j<v 0<j<v

(of course 0log0 is interpreted to be 0).
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Proof. Take p; ; = ¢! and p;j = 1 if [ # j. Then

7(q) =log, | c— v+ Z c %
0<j<v

and
%(Iacik) _ ( ( ))
) P s

Then, it is easy to complete the computation of the Legendre transform.

It will prove convenient to set H.(zo,Z1,...,Zc—1) = — Z;;é xjlog, ;.
Here is now a generalization of a theorem by Besicovitch [5].

THEOREM 16. Suppose v < c. Let fo, f1,..., fu—1 be non-negative numbers
and consider the set

By = {xeXUimsupgoj(x,n) < fj for0<j SC—Z}.

Let f§ > ff >--- > fi_, be the sequence (f;)o<j<v rearranged in decreasing order,
and fi* = Zj<k<u fi. Then we have

(1) If (c=v)fg + f5* <1, then dim By = Ho(fg,..., fi_q, =2o- 20T ),
(2) For0<k<v-—1,if(c—v+k)fi+fi* 2 1 and Ef—u—kk—!—l)f,jﬂ—kf,’gil <
1, then dim E = Ho(ff, ... fi_q, - 2oy

L c—v+k+1’ c—v+k
(3) If f;_1 =L, then dimE = 1.
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