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Abstract

A new method that enables omnidirectional reflectivity for all polarizations
of incident light over a wide selectable range of wavelengths was used to
design aperiodic multilayer mirrors. Choosing the materials, and with the
desired threshold value of the reflection coefficient also being given, the
resulting reflectors work for all polarizations in a predetermined range of
incidence angles and wavelengths. They are 1D photonic aperiodic crystals
composed of a stack of layers arranged according to a deterministic aperiodic
substitutive sequence appropriately determined. In the calculation of the
optical multilayer properties with the Rayleigh—Abeles matrices, the use of
the computationally efficient building block recurrence or trace—antitrace map
techniques avoids numerical instability and strongly reduces computational
time. Experimental measurements of a prototype satisfying predetermined
requirements fabricated after the sequence generated by o:(a, b)— (bba, bbba)
show excellent agreement.

PACS numbers: 68.65.Ac, 78.67.Pt, 42.60.By, 42.79.Fm
Mathematics Subject Classification: 11B85, 20F10, 20M05, 68Q70, 68R15

1. Introduction

The design of highly efficient mirrors is one of the most challenging episodes in the fight for
the control of light propagation. Age-old metallic mirrors, which are omnidirectional, absorb
light particularly in the infrared and this fact has led, in order to avoid such a drawback, to the
search of new structures made of different materials and offering complete gaps.

Among 1D photonic crystals [1, 2] made of a multilayer heterostructure, the most studied
are periodic stacks of two kinds of layers (‘Bragg mirrors’) with, usually, indices n; and
thicknesses d; adjusted to be d; = A /4n;, where A is the wavelength of incident light [3, 4].
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The limitations of such periodic structures are due, in particular, to the above constraints on
the variation of the relevant heterostructure parameters, which may hamper the design of fully
omnidirectional mirrors meeting predetermined specifications, for which wide applications
in optical and microwave systems, microcavity laser physics, vertical cavity surface emitting
lasers (vcsel), as antenna substrates, coaxial waveguides, angular filters, etc exist [5-7].

The reflectivity of periodic stacks—made for instance of microscope slides or
viewgraphs—having spaces between interfaces with random thicknesses arises from Anderson
localization [8], unlike what is presented below.

Here, a new general method to design multilayer omnidirectional reflectors is presented.
Choosing the materials, and with the desired threshold value of the reflection coefficient
also being given, the resulting mirrors work for all polarizations of the incident light
in a predetermined range of incidence angles and wavelengths. They are 1D photonic
aperiodic crystals composed of a stack of layers arranged according to a deterministic
aperiodic substitutive sequence appropriately determined to this end. The optical multilayer
properties are calculated with no a priori restriction on the heterostructure parameters imposed
and without approximations with the Rayleigh—Abeles matrices comprising the physical
parameters of each layer. The use of the computationally efficient building block recurrence
(BBR) or trace—antitrace map techniques avoids numerical instability and strongly reduces
computational time. Experimental tests of a prototype fabricated along these lines show
excellent agreement.

2. Framework

A substitutive sequence is the result of the action of a substitution operator o on the elements
of an alphabet A composed of two or more letters, in the example presented below and for
the prototype made of two letters a and b. These letters represent heterostructure layers
which differ by their thickness and/or composition. To define o one defines words of
substitution for each letter of the alphabet, for instance aab and ba. Starting then from the word
wo = a, the effect of the application of this example substitution o :(a,b)— (aab, ba) on the
word wy is the replacement of each a by aab and of each b by ba. One then gets the word
w; = o(wg) = aab. Iterating this operation on w; one obtains the word w, = o(w;) =
o%(wg) = aabaabba, iterating this operation on w,, one obtains the word ws = o (w,) =
o3(wy) = aabaabbaaabaabbabaaab, and so on. The same can be done starting with the word
wo = b.

With each substitution o is associated a matrix M, which relates the composition of the
sequence obtained after n applications of ¢ to the composition of the sequence obtained after
n—1 applications. In the present example

2 1
Mo':(l 1)1

because o, = aab acting on a yields two letters a and one letter b, hence the first column of
M,; o), = ba acting on b yields one letter b and one letter a, hence the second column of M,,.

M, has one positive eigenvalue p larger than all the other ones, which in the present
example is p = (3 + \/5)/2; the length 1, of the word w, = o"(w() obtained after n
substitutions o from the word wy is of the order of p”.

The lengths (number of letters) of the words wg, w;, wy, w3, wa, ws, wWe, W7, Wg, Wo,
wio, W11, W12, etc are easily found to be respectively 1, 3, 8, 21, 55, 144, 377, 987, 2584,
6765, 17711, 46368, 121393, etc which increase very rapidly with the number of iterations
performed. If one now identifies one letter of the alphabet with one type of layer, the very
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Figure 1. Aperiodic multilayer reflector with layer parameters (see the text) and the
electromagnetic mode convention with E and B the electric and magnetic fields respectively.

same applies to the number of layers forming the heterostructure generated using a substitutive
sequence. For more details, the reader is referred to [9].

To calculate the optical properties of such a multilayer, one uses the (2 x 2 in the present
case) Rayleigh—Abeles transfer matrices rigorously derived from Maxwell equations which
completely characterize light propagation in stratified media [10-12]. The calculations are
conducted without approximations. In the set-up with light coming from the air (schematically
depicted in figure 1), there is no total reflection at layer interfaces.

With each layer j of the heterostructure (j from 1 to N, N is the total number of layers),
assumed to be non-absorbing, isotropic and homogeneous with sharp interfaces infinite in
extent, is associated the elementary unimodular Abeles transfer matrix §; integrating its
physical characteristics together with the characteristics of the light which goes through
it:

. (COS(ZJTnada cos(B,)/%)  (1/pa) sinRngd, cos(ea)/,\)) o

Pa sin2wn,d, cos(6,) /1) cos(2rn,d, cos(6,) /A

where A is the wavelength of incident light, 9;is the refraction angle in layer j, n;is the refraction
index of layer j, d; is its thickness and p; = n;cos(6,) for the fundamental ‘transverse electric’
(TE or s) wave with the electric field E polarized perpendicularly to the incidence plane, and
pj = cos(8))/n; for the fundamental ‘transverse magnetic’ (TM or p) wave with the magnetic
field M polarized perpendicularly to the incidence plane.

The transfer matrix of the whole heterostructure M,, is then

My = SySy_1 Sv—2....5 §;. (2)

It has been shown in the case of the Fibonacci sequence [13, 14] and then in specific sequences
like the Thue—Morse sequence [15]—but this result is general [11, 16]—that the multilayer
transmission coefficient can be simply expressed as a function of the sum of the squares of the
elements of My, which in turn are simple functions of Tr My (the sum of diagonal elements)
and of aTr My (the antitrace or the difference of the two off-diagonal elements) as

T =4/((Tr My)? + (aTr My)?). 3)
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Normally then, M, is obtained by N-1 multiplications of the elementary transfer matrices S,
which may, in certain configurations, produce an accumulation of rounding errors that can
result in numerical instability and deprive the calculation result of its validity. Much effort has
been devoted to the search for calculation methods adapted to the solution of such failures in
specific situations [17-19].

The BBR method described below stems naturally from the use of substitutive sequences
and provides, in the present case, an efficient cure for such difficulties.

3. BBR method

With layer a (GaAs in the experiment) is associated the 2 x 2 square unimodular matrix A
which integrates all of the layer physical parameters, thickness, refraction index and the light
parameters, incidence angle, wavelength and mode (TE or TM). In an analogous fashion, with
layer b (AlAs in the experiment) can be associated the 2 x 2 square unimodular matrix By,.

If in the word ¢/(a) where 0 < j < n, one replaces the letter a by the matrix Ay and the
letter b by the matrix By, then the resulting matrix product is A;. Similarly, if one makes these
associations in the word o/(b) where 0 < j < n, one obtains the matrix B;.

Let us call A, and B, the matrices resulting from 7 iterations of substitution o ; the BBR
allows a simple exact calculation of A,,; and B,;;, when one knows A, and B,,.

Let us return to the above example with o(a) = aab and o(b) = ba. One may write
Ap1 = AALB, and B,,) = A,B,. Then, to calculate A,,,; and B,,,; knowing A, and B, with the
BBR method, only three products of 2 x 2 matrices are needed, and to calculate A, and B,
knowing A( and By, only 3n products of 2 x 2 matrices are needed.

Then the matrix A, represents the heterostructure having N layers obtained after n iterations
of o. It is identical with My defined above.

With the direct product method, in this example, for n = 7 iterations My is the product of
987 elementary transfer matrices; one then has to calculate 986 products; while with the BBR
method one has only 7 x 3 = 21 products to calculate, which is a diminution of almost 50
in calculation time. In the general case, a direct product calculation requires of the order of
p" products of 2 x 2 matrices with p defined above while with the BBR method only of the
order of n products are necessary.

The use of this method enables the possibility of testing a very large number of
configurations by varying the deterministic aperiodic substitution, the relevant number of
iterations, layer thicknesses and the sequences thus obtained, to sort one generating the
omnidirectional mirror answering the prescribed characteristics, within a reasonable amount
of calculation time and with excellent accuracy.

4. Trace-antitrace map method

We can describe yet another method of the same order of complexity as BBR to compute the
global transfer matrix My using trace maps, which in a few cases may even slightly improve
on the BBR.

It relies on the remark that, with the same notations as above, A,,; and B, are linear
combinations of matrices / (unit matrix of order 2), A,, B, and A, B, [20-26]; indeed there
exists a 3 x 4 matrix N,, associated with substitutive sequence o having coefficients N, ;;
(with 1 <i <3 and 1 < j < 4) which are polynomials of the three variables x, y and z with
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integer coefficients. With Tr A, = x,,, Tr B, = y,, and Tr A,B,, = z,, respectively the trace of
matrix A,, the trace of matrix B, and the trace of the matrix product A,B,,, we can write

1
An+l An
Bn+l = Na (xnv Yn, Zn) B ) (461)
An+1 Bn+1 A nB
n n
and, with the same 3 x 4 matrix Ny (X, Yu, Zn)>
2
Xn+l
Xn
Yn+1 = Na (-xns ) Zn) . (4[7)
Yn
n+1
Zn
For the antitrace, aTr:
0
TrA
A A aTr A,
aTr B,y =Ny (xm Yns Zn) aTr B . (4C)
aTr An+1Bn+l aTr A nB
n n

With this formalism, our example reads

An+l = —B, +anan
By = (Zn - xnyn) * I+ ynAn +x,B, — Aan ) (5)
Api1Boy = (x, — ynzn) * 1+ (xnynzn - x,% - y,% + I)An + YnAnBy

and
0 0 -1 x,

Ne ooz = [ 20—, N W 1) ©
Xn = YnZn  XnYnin — x,% - y,f +1 0 Yn

Both of these techniques can be generalized to substitutions operating on a k letter alphabet
{ai1, ay, ..., a;}. The different letters then represent k heterostructure layers that can be
different. But as soon as k > 3, the BBR method is easier to implement and more efficient
than the trace map method with trace and antitrace, even if one uses the smallest number of
terms according to [23, 24].

Both tools enable us to calculate simply the optical properties of interest of deterministic
aperiodic configurations—here the transmission coefficient—and test their ability to become
fully omnidirectional mirrors meeting predetermined specifications, with a calculation time
which remains reasonable in view of the power currently available from computing facilities,
and with excellent accuracy.

Also, they can be used for instance to require omnidirectionality within a prescribed range
of incidence angles if one wants to obtain an angular filter. It can be seen that our method
allows a large flexibility in parameter selection, in particular wavelength.

In the example of [8], a stack with spaces between interfaces having random thicknesses,
the boundaries of the wavelength range where reflectivity can take place are essentially
determined on one side by the standard deviation of the spacing roughness (equation (7)
of [8]) and on the other by the onset of absorption (equation (13) of [8]). Experiments and
calculations are performed for normal incidence. The set-up total thickness is of the order of
centimeters, while for the multilayers presented here it is of the order of microns.
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Figure 2. Prototype mirror gap width as a function of incidence: in the dotted area, T (equation (3))

is less than 0.5% for TE and TM modes.
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Figure 3. Reflectance of the prototype aperiodic multilayer omnidirectional mirror at normal
incidence with unpolarized light as a function of wavelength (nm): calculated (dashed line) and

measured (+).

5. Application of the design method and concluding remarks

Multilayer aperiodic lattices have been grown (in particular by molecular beam epitaxy) and
investigated by a variety of techniques since the mid-1980s [27-30].
study however, the search for aperiodic multilayer omnidirectional mirrors with aperiodic
substitutive sequences had been limited to the use of a few specific ones, e.g. Fibonacci,

Thue-Morse, etc, and their generalizations [31-33].
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Figure 5. Reflectance of the prototype mirror at 70° incidence with unpolarized light as a function
of wavelength (nm): calculated (dashed line) and measured (+). The measured data are corrected
to take into account the properties of the gold mirror standard.

We calculated a prototype mirror made of GaAs—AlAs layers after the following
specifications: total thickness less than 10 u, total thickness of AlAs less than 3u, reflecting
better than 99.5% in the range 960—1000 nm where these materials are lossless.

The aperiodic sequence generated by four iterations of o : (a,b)— (bba, bbba) was found
to enable the determination and subsequent fabrication of a prototype 6.3u thick on a GaAs
substrate meeting the requirements, made of GaAs layers 47 lattice constant (0.5645 nm) thick
and of AlAs layers 142 lattice constant (0.5661 nm) thick.

The calculated gap width as a function of the incidence angle is shown in figure 2: in the
shaded area, T (equation (3)) is less than 0.5% for TE and TM modes. The complete gap has
sharp and well-defined boundaries; its width can be estimated to be about 40 nm.
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The mirror wafer was made by metal organic chemical vapor deposition by I Sagnes,
G Beaudouin and J-Y Marzin at LPN-CNRS, Marcoussis, France. We measured its reflection
coefficient at LULI, Ecole Polytechnique, Palaiseau, France, using a Varian CARY500
spectrophotometer equipped with VW and variable angle specular reflectance accessory
(VASRA) (to which L Leconte and M Chateau introduced us). Measurements with the
VASRA were performed using a gold standard and corrected accordingly.

Experimental procedures and complete results will be published separately elsewhere [34].
Figures 3-5 show the comparison between calculated and measured prototype reflectance; the
agreement is excellent.
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