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ABSTRACT. The present redaction is mainly an account of a joint work [6] with
G. Brown, from the University of New South Wales, and G. Michon, from Dijon
University. The multifractal formalism is described, and a setting in which it holds
is given, as well as the Michon construction of Gibbs measures.

INTRODUCTION: THE MULTIFRACTAL FORMALISM

J+1

Let v, be an increasing sequence of positive integers. The interval [-2-, L™= is
n n

denoted by I,, ;. Let u be a probability measure on [0, 1]. Set

1
log vy,

log Y p(In;)?

0<j<vp

Ta(q) = —

where >~* means that the summation runs over the indices j such that u(I, ;) # 0,
and suppose that 7(q) = lim,,_, o 7, (¢) exists for every ¢ in a certain interval J of
R.

On the other hand, let us define I,, () to be the interval of the family {I,,

which contains the point z of [0, 1], and set, for a > 0,

_logu(In(z)) _ a}‘

log vy,

7j}05j<un

E, = {ac € [0,1[| lim
n—o0

Then the multifractal formalism, as asserted in various works [11,12,13], and
proved [1,2,5,9,15] to hold in various contexts, says that the Hausdorff dimension
of E, can be computed in the following way:

(*) dim E, = qigg[aq —7(q)]-
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In the case where 7 is differentiable at a point gg and o = 7/(qp), we have dim F,, =
aqo — 7(qo)-

This article is organized as follows. In the next section, the setting is enlarged
in order to deal with families of partitions the elements of which can have different
lengths. Without any assumption on the measure, it is shown that the right hand
side of (x) is always an upper bound for dim E,. Moreover, the result is a bit
stronger, in the sense that we can deal with the Tricot (packing) dimension instead
of Hausdorff’s. We can also majorize the dimension of a larger set than FE,,.

The third section is devoted to getting lower bounds for dimensions once the
existence of Gibbs measures is assumed.

In the fourth section, Michon’s proof of the existence of Gibbs measures for
homogeneous trees is given.

UPPER BOUNDS FOR DIMENSIONS

Let {{In,j}1<i<v, fnso D€ @ sequence of partitions of [0, 1[ by intervals, semi-open
to the right. These partitions need not be nested. If z € [0, 1], I,,(x) stands for the
interval of the family {/, j}1<j<u, which contains z. The length of an interval J
is denoted by |J|. We suppose that, for any = € [0, 1], lim,, o |In(z)| = 0.

We consider two indices dim and Dim which are defined as Hausdorff and Tricot
dimensions are, but by only considering coverings and packings by intervals in the
family {{l. j}1<j<vn },50- AN account of several notions of dimension is given in
the appendix.

We are given a probability measure y on [0, 1] and a sequence { A, },,- , of positive
integers such that ) _,exp(—n),) < oo for any n > 0.

We define the following quantities:

1 . . _
Cn(xay) = A_ 10g Z #n(ln,y) 1 |InJ| Y
" 1<j<vn

and

C(z,y) = limsup Cy,(z,y)

n—o0

where " means that the summation runs over the j’s such that p, (I, ;) # 0.
We suppose that C(z,y) is not constantly equal to 0 or oo (this imposes the
growth of the sequence {\,}), and set Q = {(z,y) € ]R2‘C(a:,y) < 0}. Since C
is a convex function, non-decreasing as a function of x, and non-increasing as a
function of y, there exists a concave and non-decreasing function ¢ from R to R
such that the interior of  is identical to the set {(z,y) € R?|y < ¢(z —0)}. Of
course, taking the limit to the left only matters at the left end of the interval J on
which ¢ is finite. Besides, we assume that 0 € J and, for the sake of simplicity,



that ¢ is differentiable on this interval (the complete discussion, in the case where
it is not so, is given in [6]).

In the case described in the introduction, where all the intervals of the partition
{In,j}1<j<v, have the same length, A, = v, and the limit exists, we have ¢(z) =
7(z + 1), where 7 is the function defined in the introduction.

Set f(a) = inf [a(z + 1) — p(z)].

On the other hand, we consider the following sets

B, = 7|1
{xE[O [ 1msup log\I $)| a}

x .. logpu(l,
B = {a: € [0,1] | liminf ———-2~ og |1, (J; a}
.. log p(I,
Vo = {:cE [0, 1] | lim inf —=——2202 og |1, (x a}
. log p(In
* = 1 (1
% {xe [0, 1] | lim sup ——-"22- Tog 1, ac)| a}

We then have the following result.

Theorem.
1. For any a, we have Dim B}, < —p(—1) and Dim V} < —p(-1).
2. If a < ¢'(—1), then Dim B, < f(a) and dim B < f(«).
3. If a > ¢'(—1), then DimV,, < f(a) and dimV;} < f(«).

Proof. Let us for instance consider the second case (a < ¢'(—1)), and set
g\n) = ’ M\ 1Ln Z |in
Bg(n) = {t € [0, 1] |u(Tn (1)) > |T(1)|°}

We then have

B.= () U/ Bsn).

a<f<Lp'(=1) m n>m

Fix a < 8 < ¢'(—1) and § > f(B), and choose ¢t > 0 such that C(—1 +¢,—d +
Bt) < 0. Then

ST

Z 1,5 °= Z I,

j:N(In,j)ZlIn,jlﬁ idem
t —(=6+pt
<N I ) | 7O
j
< exp An(jn(_l +1, -0+ ﬁt)

Therefore
0

Y. >y

n Giu(In,;)>|In,j)°

< Q.
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So, if {I;} is a packing of (,,,, Bg(n) by intervals from generations larger than

m, we have Z|Ij|‘S < o0o. Therefore A (ﬂn>m Bﬁ(n)) < § (cf. appendix) and
Dim B, < §. Finally Dim B, < f(a).
The other cases are handled in a similar way.

An alternate definition of .

Consider the following quantity:

K(z,y)=lim sup > u(I;)" 1|70

€—0 ¢_packing

The function K is convex, so the set Q@ = {K = 0} is also convex. Moreover,
if K(a,b) is finite, then K(a + t,y — u) = 0 for positive ¢ and u. Therefore,

_ o
ther exists a concave and non-decreasing function ¢ from R to R such that Q=

{(@,9)|y < oz —0)}.
As previously, set f(a) = inf, (a(z + 1) — ¢()). In these conditions, we have
the following result.

Theorem.
1. If a < ¢'(-1), then Dim B, < f(«).
2. If a> ¢'(—1), then DimV,, < f(«).
Proof. In the first case (o < ¢'(—1)), if 6 > f(«) the straight half line of slope

[e]
a stemming from the point (—1,—0) intersects 2. In other terms, there exists a

positive number ¢ such that (—1 + ¢, —6 + at) € €. There exists ¢ > 0 such that,
for any e-packing {Ij}j>0 of [0,1[ by elements of the family {I"’j}nj we have

> m(I) LY < 1.
As in the preceding section, we write

B,= (1 [ U Bst).

a<fB<e’'(—1) m>1 n>m

Therefore, if n is such that sup; [I,, ;| < e, if a < f < ¢'(—1), and if {Ij}j is an
e-packing of the set Bg(n), we have

SO =t

S Z[L(Ij)(_1+t)+1|Ij|_(_6+at) S 1

So, Dim Bg(n) < 4, and Dim B, < f(a).
The second case is handled in the same way.
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Remark. We could also have defined K (z,y) to be lim._oinf 3> u(L;)*"|1;| 7Y
where the inf is taken over the e-coverings {I;} of [0,1[ by elements of the family
{Inj}, i The function K may be no longer convex, but the boundary of {K = 0}

is still defined by a non-decreasing function ¢ from R to R. If f is defined as above,
then a similar conclusion hold by replacing Dim by dim.

L.OWER BOUNDS FOR DIMENSIONS

The notations are the same as in the previous section. If v and v are two
functions, the relation u &~ v means that there exists a positive constant K such
that K~ 1u < v < Ku.

Theorem. Let 0 € R and suppose that ¢'(0) exists and that there is a measure g
such that pe(In ;) ~ u(]n,j)9+1|ln,j|_¢(0). Then we have dim E ) = f(¢'(0)).

The measure pg, in analogy with the statistical mechanics, is called a Gibbs
measure.

Proof. Consider the following quantities

1 . o
Cn(x,y) = 108> t(In ;)" In 5| tio(In,;)
An 7

and

5(3:, y) = lim sup C~'n(a:, Y).
We have

~ 1 * z y—

Cn(z,y) = o 1ng (L ;) +9+1\In,j y=e(®) 4 o(1)
and

C(z,y) <0 Clx+0,y+ ¢(0)) <O0.

Therefore

{C<0} = {@ly < v+ -0}



log P‘(In (t))

Lemma. Asn goes to infinity, <5505

— ¢/ (0) for pg-almost every t.

Proof. If a < ¢'(6) then there exists ¢ > 0 such that C(¢,at) < 0. Then

po {tlun(Tn(®) > LIy = > wellnyg)

Juu(In,)>In 5|
=3 g | | (L )

idem

<Y I ) s
j

" g(In ;) = exp A Chr (t, at).

(this inequality is a large deviation type result [7], as well as the analogous one in
the proof of the theorem concerning upper bounds).

Therefore | (1.(1)
og pu(In(t }
o § — - < ap < 00
S gl
log p(In(t))

so, lim inf Togl L, () > « for pg-almost t. The upper limit is treated similarly.

We can now end the proof of the theorem. It result from the above lemma first
that pg (E(p:(g)) = 1 and secondly, taking into account the properties of ug, that

log pe (15 (t))

for pg-almost t. Therefore, due to the Billingsley-Kinney-Pitcher theorem, we have
dim E, gy > f(¢'(#)). The equality then results from the previous section.

As a consequence, the Hausdorff or Tricot dimensions of all the sets E,, B,, Va,
B}, and V7 are equal to f(«) under the same conditions. This generalizes some
results of Besicovitch [3], Eggleston [10], and Volkman [28] on the dimension of sets
defined in terms of frequency of digits. This also accounts for some results in [9]
and some studies on ‘cookie-cutters’ [2, 5].

EXISTENCE OF GIBBS MEASURES

In this section we suppose that the sequence {{I ;}1<j<v, },,5( Of partitions has
the following properties: each element of the (n+1)-th partition is contained in one
element of the n-th one, and each element of the n-th partition is split into a fixed
number p of elements of the (n+1)-th one. Obviously, this imposes v, = p™. We
are going to use another indexation of the intervals {I,, ;}: the intervals {I5 ;} will
be denoted by I; ;,, with 0 < 45,79 < p, in such a way that I, ;, C I;,; and so on.

Let A be the set of words over the alphabet {0,1,...,p—1}. The concatenation,
just denoted by juxtaposition, endows A with a structure of semigroup. The empty
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word, which is the unit, is denoted by €. The set of words ot length n is denoted
by A,; it indexes the elements of the n-th partition. If a € A, instead of writing
p(I,) we shall simply write p(a). In these conditions, for every a € A, we have
Zogbq, p(ab) = p(a).

We suppose that p is quasi-Bernoulli, i.e. there exists a positive number M such
that, for any a and b in A, we have M~ u(a)u(b) < p(ab) < Mu(a)u(d).

We also define a mapping [ from A to R: I(a) = |I,|. We assume that [ is almost
multiplicative, i.e. there exists a positive constant L such that, for any a and b in
A, we have L~t(a)l(b) < I(ab) < Li(a)l(b).

Under these conditions, G. Michon [21,22] proved that the ‘free energy’ exists
and that there are Gibbs measures. We are going now to give his proof.

Proposition. For every x and y in R, the ratio %10g[zae,4n I(a) Yu(a)®™1] has
a limit, denoted by C(x,y), as n goes to infinity.

Proof. By replacing [ by [7Yu*, it is enough to consider the case x = 0, y = —1.
Set

Zl ,and C), = log(Zn).
a€A,

We have

I(ab)  u(ad)
m+n—a€2Aj 1(a)u(a) bezAj )0 “(a) ()l(b)u(b)-

Therefore, we have |log Z,,1pn — log Z,,, —log Z,,| < log(ML). It results that C,
has a limit C' as n goes to infinity. Moreover, we have |C, — C| < Llog ML.

Let us notice that if we set l,(b) = [(ab)/l(a), (for a and b in A), we have
L721,(b)l4(c) < lg(bc) < L2, (b)l,(c) for a, b, and c in A. Similarly for pu.
For any a in A, and s in R, set 2, = Y, c 4 la(b) pa(b), and

(+4) Z9) = Y o™

n>0

It results from the above remark that, for any n and for any a, we have K~1.Z,, <
oln < K Z,, with K = L M. Therefore lim,,_, %log o2y does not depend on a
and is equal to what we called C in the proof of the above proposition. Moreover,
|LlogoZn, — C| < 21log K and K~ 2expnC < ,Z, < K*expnC for any n. So the
series (*%) converges for s > C. From these last inequalities it results also that

K2 K?

1 —exp(C — s) < Zals) < 1 —exp(C —s)

Theorem. For every x and y in R, there exist a constant ¢ and a measure iz
such that, for any a in A,,, we have

c_ll(a)_y N(a)x+1 e C@Y) < fhey(a) < cl(a)™V ,u(a)$+1 e~ nC(z.y)



Proof. As previously, it is enough to consider the case z =0, y = —1.

Let us denote by [, the following mapping from [0,1[ to R: [,(¢t) = |I,(¢)|.
Let us define a family of functions from [0,1] to Rt in the following way ¢, =
lo+l1e7® +1loe7 2 + ---. Obviously, we have [ @,du = Z.(s). This allows us to
define the family Py = %(SS) i (s> C) of probability measures on [0, 1].

If a € Ay, we denote by a; (0 < j < n) the word formed by the j first letters
of a. In these conditions, we have, denoting Ps(I,) simply by P;s(a),

Ze(s) Py(a) = p(a) Z I(aj) e + Z Z I(ab) p(ab) e~ U+

0<j<n >0 bEA;

In other terms

Py(a) = 2 S i(a) e 4 1(a) pla) e

Ze(s) 0<j<n

When s goes to C, P, has a weak limit point v at least. But, we know that, as s
goes to C, Z.(s) goes to infinity and that the ratio Z,(s)/Z.(s) stays between K1
and K. This means that we have, for a € A,

-2 ’y(a) 2
K S @ u(@eme =K

Remark. The case of Riesz products [8] is not handled by this proof.

EXAMPLE

One of the paradigms of mutifractality is the multinomial measures of which we
give a generalization in this section..

Let X be the simplex {(z1,...,zp)|z1+ - +ap=1,2; > 0for j=1,...,p},
(p > 2). Consider a sequence {mqn,ln},, of elements of X x X. We assume that
this sequence has a continuous measure of repartition £. This means that there
exists a continuous probability measure £ on the space X x X such that for any
open set U C X X X the boundary of which is of zero £&-measure we have

1
im — P < . = .
Jim = {j <nl(m;, ;) €U} =€)
Moreover we assume that the boundary of X x X is of zero {-measure.
As in the section concerning the construction of Gibbs measures, we consider
subintervals of [0, 1] indexed by words over the alphabet {0,1,...,p—1}: I. = [0, 1],
and the length of I, 5., 18 lnt1,20,1 zy..2n] -
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Define a measure y on [0, 1] in the following way:

,U;( L1, @n H mJ7$]

1<j<n

It can be verified that we have

1 _
im —log 3" a0 n) ™ a7 = / log S (uftlop?) dé(u,v).
n—oo N XxX
1<k<p
So we have an explicit expression for C(z,y). On the other hand, if we keep the
+
same [, but if m,, is replaced by lwf:l - (where to exponentiate a vector
El<k<p n,k ln,k

means to exponentiate each of its components) and perform a similar construction,
we get a measure v, , which is the Gibbs measure corresponding to (z,y). Therefore
in this situation the multifractal formalism holds.

APPENDIX: HAUSDORFF AND TRICOT DIMENSIONS

Hausdorff dimension.

Let F be a subset of [0, 1] and « a positive number. Set
H,(E) = lim inf {Z LB c 1, 1] < s} .
If Hy(E) < oo then 8 > a = Hg(E) = 0. So there is a cutoff ap such that
a<a)= Hy(E) =00 and a > ay= H,(E)=0.
This number «q is, by definition, the Hausdorff dimension of E.

An other dimensional index is of wide use. Let N.(E) be the minimum number
of elements of coverings of F by intervals of lengths less than e, and set

log N.(E
A(E) = limsup—LU.
e—0 loge

This index has been considered by many authors and bears several names:
Bouligand-Minkowski dimension, entropy dimension, logarithmic index, box di-
mension ... In fact these indices differ in a general metric space. Obviously we
have dim E < A(E).

The following observation gives a way of getting a lower bound for the Hausdorff
dimension: if there exists a measure y satisfying a Holder condition of order « (i.e.
u(I) < C|I|* for every interval I) and such that u(E) > 0, then dim E > «. Indeed
if {I;} is a covering of E by intervals, we have

0<p(BE) <) ul) <CY L

wich proves the above assertion. In fact a refinement of this argument gives the fol-
lowing lemma due to Kinney and Pitcher and, in a more general form, to Billingsley

[4].



Lemma. Let u be a probability measure. If

.. dogp() }
E)>0and E C {t|liminf ————= > «
#(E) { | Nt} log|T]

then dim F > «.

Tricot dimension.

An e-packing of E is a collection of mutually disjoint intervals intersecting F.
The following property of box dimension can be found in [26]:

A(F) = inf {a| gi\rlr(l)sup {Z \Ij\a‘{lj} being an e-packing of E} = 0}
= sup {a‘ gig%sup {Z 1;/%|{1;} being an e-packing of E} = oo}

One drawback of the box dimension is that it does not distinguish a set from its
closure. For instance, it assigns 0 to the dimension of the rationals. This led Tricot
(25, 26] to introduce the following concept:

Dim E = inf {sup A(E,)|E C UE,,,}

Obviously dim E < Dim E. A related notion has been introduced by Sullivan [24].
An account of this notion of dimension and of connected outer measures can be
found in [27].

The index Dim has the same regularity properties as Hausdorff dimension: if
E C F then Dim E < Dim F', and, if F is the union of a non-decreasing sequence
{E,} of sets, then Dim E = sup,, Dim F,,.

FINAL REMARKS

There are many developments, which we are not going to discuss, about mul-
tifractals, in particular concerning further interpretations [16-20] of the function
f(a) especially when it assumes negative values.

In a recent work Muzy et al. [23] have adapted this formalism to handle another
situation by replacing indicator functions of intervals by wavelets.

Besides, the thermodynamical formalism has been used to study harmonic mea-
sures [14].
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