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HANKEL DETERMINANTS OF THE
THUE-MORSE SEQUENCE

by J.-P. ALLOUCHE, J. PEYRIERE,
Z.-X. WEN (*), Z.-Y. WEN (**)

0. Introduction.

Let S = {a,b} be a two-letter alphabet and S* the free monoid
generated by S. Consider the endomorphism 6 defined on S* by

0: a— ab, b— ba.

Since the word 6™(a) is the left half of the word §"*!(a), it has a limit as n
goes to infinity: the infinite sequence € = €géy -+ €5 -+ € {a, b} which is
called the Thue-Morse (or sometimes the Prouhet-Thue-Morse) sequence.

In this article, except in Section 4, we take a = 1, b = 0. Then the
sequence ¢ satisfies the following relations: g = 1, €ap, = €p, €2n+1 = 1 —€p.

The study of the Thue-Morse sequence has been initiated by Thue
(1906, [14]; 1912, [15]), who proved that it does not contain three consecutive
identical blocks. A few years later, Morse (1921, [10]) studied the topological
dynamical system generated by this sequence, and Gottschalk (1963, [9])
studied this sequence in the framework of minimal sets. In the last ten
years, it occurred in many different fields of mathematics — ergodic theory,
finite automata theory, formal language theory, number theory, algebraic
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formal power series over GF2(X) — and also in physics in relation to
quasicrystals (see, for instance, [1], [7], [8], [11], [16], [17], [18]).

In this article, we discuss some new properties of the Thue-Morse
sequence.

Let u = (uk)r>0 be a sequence of complex numbers; then the (p,n)-
order Hankel matrix associated with the sequence u is defined to be

Up Up+1 °°  Uptn-—1
u u P u
_ p+1 p+2 p+n
Hy=1 7" 7 . )
Up+n—1 Uptn = Upt2n-—2

where n > 1 and p > 0. The determinant of this matrix, denoted by |HE|, is
called the (p, n)-order Hankel determinant of the sequence u. The properties
of Hankel determinants associated with a sequence are closely connected
to the study of the moment problem, to Padé approximation, and to
combinatorial properties of the sequence.

Here we consider &P, the (p,n)-order Hankel matrix of the Thue-
Morse sequence. We denote by |EZ| its (p,n)-order Hankel determinant.
Our purpose is to study the properties of the double sequence (|EE|)n>1,p>0-
Figure 1 on next page shows |€2| modulo 2 (0’s are replaced by a dot, 1’s
by nothing) for 1 <n <96 and 0 < p < 127.

This article is organized as follows. Definitions and preliminaries are
given in Section 1. Section 2 is mainly devoted to establishing recurrence
formulae for the sequence modulo 2 of Hankel determinants associated with
the Thue-Morse sequence. Automaticity properties of the sequence of these
determinants modulo 2 are established in Section 3. Further properties and
applications (non-repetition in the Thue-Morse sequence and existence of
some Padé approximants) are given in Section 4.

1. Preliminaries.

Let € = €ge1 €, - € {0,1}N be the Thue-Morse sequence, defined
by the following recurrence equations:

1) e0=1, € =¢€n, €1 =1—¢,, forn>0.

As we shall see below, in order to determine the Hankel determinants
associated with ¢, we have to calculate simultaneously those associated
with another sequence § = §p81 - - - 6, - - - which is defined by 6, = €pt1 —€p.
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Figure 1. The set |EE| modulo 2 for 1 <n <96 and 0 < p < 127.

By (1) and the definition of §, we have, for n > 1,
{ 62n + 62n+1 = 611.1

(2) 62n =1- 2€n-

Remark 1.1. — The Thue-Morse sequence can be generated by the
endomorphism of {0,1}* defined by 1 — 10, 0 — 01. The above sequence
6 reduced modulo 2 is called the period-doubling sequence (some authors
also call it the Toeplitz sequence). Like the Thue-Morse sequence, it can be
generated by an endomorphism of {0,1}*: 1 + 10, 0 + 11. Furthermore, it
can be “induced” from the Thue-Morse sequence in the following way. Define
the map ®: {0,1}2 — {0,1} by ®(00) = ®(11) = 0, ®(01) = ®(10) = 1.
Let (¥x)x>0 be the sequence defined by ¥y, = ®(exex41), where €xegyq runs
through the blocks of two consecutive letters occurring in the Thue-Morse
sequence. Then the sequence (¥x)x>o is nothing but the period-doubling
sequence.
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Notations.

Throughout this paper, we adopt the following definitions and
notations:

o The Thue-Morse sequence, the period-doubling sequence, and their
corresponding (p,n)-order Hankel matrices (where p > 0, n > 1) are
denoted respectively by €, §, E2, and AP.

o For a square matrix A, let |A| and A! stand respectively for its
determinant and the transposed matrix.

e 1,, », (resp. Op, ) is the m x n matrix with all its entries equal to 1
(resp. 0).

o If A is a square matrix of order n, A stands for the matrix

( A ln,l)

L, 0/

and AY) for the n x (n — 1) matrix obtained By deleting the j-th column
of A.

o The symbol =, unless otherwise stated, means equality modulo 2
throughout this article.

e Pi(n) = (e1,es,... ,62[nT+1]_1,€2,64,...,62[%]), where e; is the j-th
unit column vector of order n, i.e., the column vector with 1 as its j-th
entry and zeros elsewhere. If no confusion can occur, we simply write P;.

I I
« P(20) = (@nn r

In (Dn,l In
. P2(2’I’L + 1) = @1,", 1 @l,n
On,n @n 1 In

We clearly have
(3) |P1| = |P2| = |P| = £1.

), where I,, denotes the n X n unit matrix.

Some lemmas on matrices.

LeEmMA 1.1. — Let A and B be two square matrices of respective
ordersm and n, X a1l x m matrix, andY al x n matrix. Then, we have

A Y®1m,1 A lm,]_ 0 Y

X®1l,, B =H-IBl= | x 1,: B
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Y®1m1

Proof. — Set D ‘ As a function of A4 and X,

- l X® 1,,,,,1
this is a multilinear alternating form of the columns of the matrix (; )

Therefore it is of the form l; Z , where V is a m x 1 matrix. But,

since permuting two rows of A only changes the sign of D, it follows that
V = B1,, 1. Therefore we have

A lm
=alA|+ ﬁ‘ 1.
. . 0Y
By taking X = 0, we get a = |B|. To show the equality 8 = — L. Bl
n,l
. _ @m—l,l Im—l .
it suffices to take A = ( 0 @1,m—1) and X =(100...). i

As a corollary we have the following lemma.

LEMMA 1.2. — Let A and B be two square matrices of order m and n
respectively, and a, b, ¢ and y four numbers. One has

aA ylg,,

— MmN . _ m—-1pm—-1171 . IR
... bB =a™b"|A| - |B| — zya™ " b™ | 4| - |Bl.

LeEMMA 1.3. — Let A, B, and C be three square matrices of order m,
n, and p respectively, and three numbers a, b, and c. One has
A cdpy by,
lmn B alny|=|A|-|B|-|C|-d®A|-|B|-|C| - b°|A]-|B|-|C|
blnp al,, C
—c*|4| - |B| - |C| - 2abc|A| - |B| - |O).

Proof. — We have, provided that b # 0,

A clpy bly, A cAmn cAmp
lpmn B alp,|=0%c?|clyny B ach'l,,
bl,, al,, C ey ach™1,, 2b72C

— b2Pc2P|A| - B achTlln,

acb™'1,, *b~2C

B ach™1, 5 1,1
— b2 |4 lach™'1,,, b72C 1, |,
ll,n ll,p 0
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(the second equality results from Lemma 1.2), from which we deduce the
formula

A cl,, bl, B al,, cl,

P P B aln _ P s

4) |AAmn B alp,|=IAl al C'p —|4]-|al,, C bl,,
blnp al,, C ™P cl,, bl,; O

which is valid without any restriction on b.

The last determinant of Formula (4) above can be itself computed by
using (4) two more times. 0

Lemma 1.3 can be extended in the following way. Although we shall
not use this extension, we mention it because it could be of interest in similar
situations. Let {a; ;}1<i j<n be a collection of numbers such that a;; = 0,
and {A;}1<i<n a sequence of square matrices of respective dimensions m;.

Define a matrix M by blocks: put the A’s on the diagonal, and the
block a; j1m; m; at position (i, j) for ¢ # j. Then

| M| ZZ%[ H [Ai|] H (—14ilaioq)-
- )

i=o(i i#a(i)
LeMMA 1.4. — Let x € R, and let A be an m X m matrix, then
(i) |zlmm + Al = |A] — z|4],
(ii) |2lmm + A] = |4],
(i) |—4| = (-1)™+4].

Proof. — To prove (i), write

_|Zlmm + A O A —zly;
Flom t A= U T 1 |
and conclude by using Lemma 1.2.
Assertions (ii) and (iii) are obvious. O
Remark 1.2. — Because they express identities between polynomials

with integer coefficients, the preceding lemmas are valid for matrices with
entries in any commutative ring.



HANKEL DETERMINANTS OF THE THUE-MORSE SEQUENCE 7

2. Fundamental recurrence equations.

The aim of this section is to determine recurrence formulae for the
sequence |EE| (n > 1, p > 0), which will play an essential réle in this paper.
We find that, in order to establish such formulae, we need to distinguish
different cases according to the parities of n and p. These formulae involve
the quantities |€Z|, |AP| and |A%|. Hence, we shall simultaneously establish
recurrence formulae for all these sixteen quantities, thus obtaining the
fundamental results of this section.

THEOREM 2.1. — For p > 0 and n > 1, one has

1) |E37] = |€RI - 1A8| — |ER| - |AR| - 2|€7| - |AR|
= &7 - |AT] + |ER] - |ARI
2) |E32) = 41€2| - |AE| + |ER| - |AL| + 2|EF| - | AR
= |EF] - 1A%,
3) €3] = €0, 1AR] — €0, - |AR] - 2i€h,,| - |AR
= (€011 |A%] + |EF, ] - 1AL,
1) IER | =40, IBR| + |8 - |A5] + 2E | - |AF
I +1| |A I,

5) &3+ = (—1)n{lEnt| - |AD| - 21E8+| - | AR
+ €871 - |AE| — |EEFY| - | AL}
= [€2¥1] - |AD| + |E8FY| - |AZ| + |8V - AT,
6) €2V = (—~1)"{4|EE*!| - |AE| — |ERFY| - |AZ| + 2|€87T| - 1AL}
= |E2¥7] - |ag),
) EE = (~1)"TIER, | - |ATTY 218, | - |ART
+1ET,, |- AR — EE |- |ARTT))
= |€2,1] - |AZFY + B0 | - |AZFY + |EE | - |ARFT),
8) |EZTY = (~1)H{4ler,, | |ARFT — T | |ARH
+ 208, - |ARF|}

= €11 1A8HY,
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9 |AZ]=(-1)"|Az?
= |Az],

10) |AZI=0

11) A%l = (1) {IER P +20€8 |- ER 1}

= €04,

12) AR, =188,
13) |AZ = |AL| - AR+ |AZ] - [ARTY| + A - |ARFY,
14) |AZF =1A2] - |ART + AR - Az,
15) AR = 1AL, |- |ARFY + |AD |- |ART |+ A7 | - |aBH,
16) AT = 1A%, |- 1A + AT - |Az*.

Proof. — First we are géing to establish a few general properties of
Hankel matrices associated with a sequence {u;};>o. Forn > 1and p >0

we consider the Hankel matrix HE = (uptiyj—2),; <> together with the

matrix K? = (up+2(i+j—2))15¢,j5n‘

When u = ¢ is the Thue-Morse sequence, one has
(5) K?® =¢? and K2t =1,, - £2.
When u, = 8, (= €,41 — €n), One has
(6) K»® =1, , -2 and K?*! = AP 4 267 —

Let M = (mi;),; i<, be any n x n-matrix. Let v = [2(n+1)] and

p = [3n]. One can easily check the following formula

(m2i—1,2j—1) 1§z‘§u (m2i—1,2g) 1<i<y

(7 PiMP, = Isjsv 1<52p
(mai2j-1)1cicy  (M2i25) 1i<u
1552 1252

from which one can get

- ( KR Kﬁ“)

(8) PngnPI K£+1 K£+2
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and
Kp (Kp+1)(n+1)
t I7P _ +1 n+1
(9) PiHy, 1P = ((KZI;) (n+1)t Kp+?
— Ko (K£+1)(1)
(B2,)™ Kz )

In other words, P{H%, . P is obtained by removing the last row and
the last column from the matrix P{Hp(n41) P

Proof of 1). — By using (8) and (5), we have

2 &r 1,,—&F
Pi&spP = <1nnig£ £ptl :

Then by the definition of P, and AE, we have

Er 1
t pt o2p _ n n,n
(10) PPEPP, = (ln,n M+ Aﬁ) .

Hence by (3) and Lemmas 1.2 and 1.4, we obtain

Er 1.,
1., 21, , + AP

= |gg| : |21n,n + Aﬁl - ]“;—m : |21n,n + Aﬁ}
= |€2|(|AR| - 2|AF)) - €] - |AG|
= |EF| - |AR| - |ER] - |AR] — 2|€F] - | AR

2
|52£| =

The proofs of the other assertions follow the same lines: to compute
the determinant of a matrix A, we find a matrix @ such that the determinant
of QAQ"* is computable, for instance by using Lemmas 1.2, 1.3, and 1.4.

In the sequel, we only write the transformation matrices and omit the
details of the calculations.

Proof of 2). — One has

2 2 t
(o ) el ) = )
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Therefore, taking into account (10),
5,’{ ln,n ln,l

ID| = |1on 21npn + AR 21, .
11,n 211,n 0

Proof of 3). — Computing as in 1), we have successively

8 854—1 1n+1,n - (85+1)(n+1)
2n+1 ( atln ( L )(n+1)) Sg-}-l P
and
11 PiPtER, PPy = Ern | ntin
( ) 24 1¢2n414142 = 1n,n+1 21n,n+Aﬁ .

Proof of 4). — One has, due to (11),

( Pt Ogpt11 ) ( 5223:4.1 Ion11,1 ) ( P @2n+1,1)
01 2n+1 1 Liopyr O O1,2n+1 1

££+1 1n+l,n 1n+1,1
ln,n—{—l 21n,'n + Az 2111,1
11,n+1 211,n 0

Proof of 5). — One has
1,,— &2 Eptl
(12) P2P1£2”+1P1P2 =P ( gp+1 ) . i g£+1) P

(21, .+ AF 1.n
N ln n 1'n. n - g£+1

Proof of 6). — Due to (12), one has
( PPt Qg ) (52p+1 13,1 ) ( PP} Qa1 )
O12n, 1 2, O Oi2n 1
21n7n + A?L ln,'n, 2171,,1

= ln,n ln,n - g£+1 ln,l
211,71, ll,n 0



HANKEL DETERMINANTS OF THE THUE-MORSE SEQUENCE 11

Proof of 7). — Let

1 @271,1
Ql = I, I, |,
Q1 o, 1,

then

| PR} - & e
(13)  QIP{EFLIPQI = Q) ( mHint? w1 (&) ) X

(EPHm)* 1, —eptt

_ 1n+1,n+1 - 854_1 1n+1,n
1n,n+1 21n,n + Aﬁ“ ’

and Formula 2.1.7 follows as above.

Proof of 8). — Due to (13), one has

( Qi P} ®2n+1,1) ( et 12n+1,1)( Py @2n+1,1>

O1,2n41 1 lion41 O O1,2n41 1
1n—l—l,'n,+1 - 871:4.1 1n+1,n 1n-{—l,l
= ) 21, + Afﬁ'l 21,1
11,n-}—1 211,n 0

Proof of 9). — Write

— D P _ D
(14) PIPIAZ PP, = P! ( lon—268 AP —1,,+ 25n> P

AP —1,,+28 1,,— 285*1
(1, =28 AP

- AP Onp )’

hence

Azl = (=) |An P,

Proof of 10). — Due to (14)

1 AP 1
Plt (0)2"’1 A%ﬁ 12n1 P @27,”1 . n;)" n n,1
@ 1 1 0 o) 1 =| AL Onn @n,l s
1,2n 1,2n 1,2n llyn @1771 0

hence |A_§fl| =0.

Fed
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Proof of 11). — We write

1 _ Q&P B(n+l)
Pépngﬁ-f-lPlP? = PZt ( n+1(’g-|(;lz+l))t il 1,,— 9£P+1 ) P

_ (Int1ne1 —288, D
Dt Onpn /)’
where B = AP | — 141041 +2E0,; and D = (AF_;)"*D) hence

]Agz_'_l — 1n+1,n+1 - 285,—{—1 D
Dt On,n
1n+1,n+1 - 257€+1 D v
= Dt @n,n On,l 3
O1,n+1 O1n 1
where v = (€p4n, €ptnti,-- - €ptan)’. Now, we add the (2n + 2)-th column

of the above matrix to the (2n + 1)-th column, we then add the resulting
(2n + 1)-th column to the (2n)-th column, and we continue this procedure
until the (n + 2)-th column. Then, from the definition of AP and noticing
that v is precisely the last column of £, we have
Loyinsr — 260, —Eh oy
Dt @n,n+1
O1,n+1 1 np1

2
IA2£+1

P /4
Lnpine1 — 26 —&npy Ongan

_ Dt @n,n+1 @n,l
- —vt O1n41 1
O1,n+1 11,041 0
lojin1 =288, —€F.; Ongan
=- —&p i1 Ontimn+1 Lnyin
O1,n41 11 n41 0

1n+1,n+1 —85+1 —1n+1,1
P
i “Cn41 ©n+l,'n+l 1n+1,1

—1linr1 lin4r 0

=€ 1 latingr oy
= (—1)n @n+1,n+1 _g'r}:+1 1n+1,1
Linyi —linn 0

%) i1t —lat1
- (_l)ﬂ _l'n.+1,'n,+1 1'n.+1,'n,+1 + 554-1 1'n.+1,1
S| s SRS 0
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Proof of 12). — We write

( pt @2n+1,1> (Aﬁﬁﬂ 12n+1,1>( P @2n+1,1)
01 2n+1 1 Lignyr O O1,2n+1 1

lLoyinsr D 1,40
Dt On,n (U)n,l ’
Linti O O

1

where D is defined as in 11). Therefore computing as in 11), we have

Dt
|A2n+1 —|D1n+1,1|"11n ‘ € +1! =€ +1|

3

Proof of 13). — We have

paziip _ (Bh=lnn 282 lun 265"
L. —268%0  ARY! — 1, ., + 268+

— Aﬁ - ln,n l'n,n
- ln,n Aﬁ‘i—l - ln,n '

Proof of 14). — As in 13), we have

P} O, A%ﬁ“ 12n.1 P O
O12, 1 lion, O O12, 1
A?,:;, - ln,n ln,n 1'n, 1

1
l'n,n A£+ - ln,n ln,l
ll,n 11 n

)

I

Proof of 15). — As in 13), we have

AP -1 1
Qt A2p+l Ql n+1 n+1l,n+1 n+1l,n
1=2n+1 1n,n+l A£+1 — l'n,,n

Proof of 16). — As in 15), we have

( Q @2n+1,1>(A;2>f:_11 12n+1,1>( Q1 @2n+1,1>
O1,2n+1 1 lignya O O1,2n+1 1

Aft+1 - 1n+1,n+1 1n+1,n 1n+1,1
ln,‘n+1 Aﬁ+1 - ln,n ln,l . O

11,’n,+1 1]_,71, 0
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Remark 2.1. — The Hankel determinants (HE)n>1,>0 of a sequence
of complex numbers satisfy the following recurrence equation (see for
example [3], p. 96),

2
|HE| - |[HE®?| = |HEY? = |HR S| - |HD -

Now let £, j and k be given; if [H:| = 0 for j < n < j + k, then by the
above formula, |H?| = 0 on the rhombus whose vertices are (¢, j), (¢ +k, j),
(6 —k,j+k) and (£,5 + k). Similarly, if |H} ;| =0 for £ -1 <p < £+E,
then, either |HY | = 0 for £+1 < p < £+k+1, or |HY ;| =0 for
£—1 < p < {+k—1. Therefore the set of zeros of the sequence (|HE|)n>1 p>0
is the union of rhombi which are separated by nonzero elements. This
explains the patterns shown on Figure 1.

ProrosiTION 2.1. — Define

0 if p=0, _
l55|={ . €51 =1 - |€51,
1 ifp>1,

|Af| =1, |AB| =0 for p>0.
Then formulae of Theorem 2.1 hold forp > 0 and n > 0.

Proof. — Formulae have to be checked one by one. The conclusion
results from (1), (2), and the following facts: |EF| = |A}| = —1, |EF| = ¢,
and |A}| = 6, O

From Proposition 2.1, we see that if we can determine the quantities
involved in Theorem 2.1 for p = 0, 1, then we can determine these quantities
for all p > 2 by the recurrence equations of Proposition 2.1. Propositions 2.2
and 2.3 below are devoted to this purpose.

ProposiTioN 2.2. — With the above notations, we have
lEal=n, |A=1, [El=1, |Af|=n.
Proof. — For n = 1, the above equalities can be checked directly.

Assume that the proposition is true for n < k. Then, if n = k+1 =2/ 1is
even, we have by 2.1.1 and the induction hypothesis,

€3] = |€9] - |AY] + |ED] - |AY] = 2e.
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Ifn=k+1=2¢+1is odd, then, by 2.1.3, we have
01 = 1E8a ] 1AY) + €] - [AY = e+ 14+ 2= 20+ 1.

Thus we obtain the first assertion. The other ones can be obtained by the
same method. O

ProrosiTiON 2.3. — For p = 1, we have the following relations :

0 if n=1, 2 (mod 6)
1 1 = ’ ’
) 1€l { 1 otherwise;
0 if n=1 (mod 3)
2) |All= ’
) 1A { 1 otherwise;
= 0 if n=0 (mod 3)
1| = 3
3) &l = { 1 otherwise;
1 otherwise.
Proof. — Assertions 13), 15), 14) and 16) of Theorem 2.1 yield
(15) |Adnl = 18341l = (n+ DIAG] + AL,
(16) Al = 1AL = AL+ AL,

from which one gets

(17) |Adnl = 1AL,
(18) | Al = !A%n+1|a
(19) |Adngal = 82,1,
(20) |Adnisl = 1AL

It is easily checked that |Al| = 0, |A}| = —1, and |A}| = 1. We will prove
Assertion 2 by induction. Suppose that it is true for 1 < n < 4k, and
consider four cases.

(i) By (17), and since 4k = k (mod 3), we have

0 if4k =1 (mod 3),

A% = 1t = {
4 k 1 otherwise.
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(ii) By (18), and since4dk+1=1¢ 2k + 1 =1 (mod 3), we have

0 if4k+1=1 (mod 3),

ALl = 1AL |s{
k1 k1 1 otherwise.

(iii) By (19), and since 4k + 2 =1 < 2k = 1 (mod 3), we have

0 if4k+2=1 (mod 3),

Aol = 1050 = {
+ 1 otherwise.

(iv) The case 4k + 3 is the same as (i).

This proves Assertion 2.

By using Assertion 2 and Formulae (15) and (16), one can prove
Assertion 4 by induction.

By Equalities 6) and 8) in Theorem 2.1 and Proposition 2.2 we
have |} | = |€1| and |E}, al = |AL|, then by the fourth congruence in
Proposition 2.2 and induction, we prove 3).

Finally, by 3), 4) and Proposition 2.2, |£3.| = |EL] + (n + 1)|EL|
and |€},,1| = n|AL| + |AL|, then, by Propositions 2, 3, 4 and the same
discussion as above, 1) is proved by induction. O

Generating series

Let (un)n>0 be a sequence with u,, € F, then the formal power series

u(z) = Z Up "

n>0

is called the generating series of the sequence (un)n>0-

A sequence {up }n>0 is periodic of period s if and only if its generating

P(z)

series adds up to a rational fraction of the form T3 where P is a
x

polynomial of degree less than s.

Let A(z) = Z anz™, B(x) = Y b,z™ be two formal power series
n>0

with a,, b, € F,, then their Hadamard product is defined to be

A(z) x B(z) = Z anbrz"™.

n>0
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The Hadamard product of generating series of periodic sequences is the
generating series of a periodic sequence having as a period the lowest
common multiple of the periods.

For p=0,1,..., define
fP) = le8z",  gP(z) = |Anfan,

n>0 n>0
(21)
fO(z) =) |E;z",  ¢gP(z) =) |AR|z",
n>0 n>0

where coefficients are taken modulo 2, with the convention of Proposition 2.1
when p = 0.

By Propositions 2.2 and 2.3, we have

(fO = %, o= L,
f 1+ 22 f 1+zx
1 — T
0 — , 0 = =,
g 1+ 9 1+ a2
(22) 9 50— 14+ 23+ 2% +2° o M
- 1+ 6 ’ T 1423’
w _ 1+4a? gy _ s+a?+a® +at
g = ) g0 = :
N 14 23 14 6

Recurrence formulae of Proposition 2.1 and Propositions 2.2 and 2.3
make it possible to compute the above quantities recursively. As an
illustration, we compute ¢(® and f(®:

9@ = X 1anle" = 3 185,1a" + 3 [Adns o™

n>0 n>0 n>0
=Y IANEH +2 ) |Er 1
n>0 n>0

(by Theorem 2.1, Assertions 9 and 11)

14zt z(1+2%)  1+x

(23) 1-|—.’L'6 14 z6 _1+.’E3
(by (22));
f@ =3 182" = Y 12 + Y €2 22

n>0 n>0 n>0

= > (&l - 1AL + 18X - 1AD)e® + 2 Y (10 - 1AL+ EL - 1AL =™

n>0 n>0
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(by Theorem 2.1, Assertions 5 and 7)
= (F® 5 g 4 FD 5 gD)? 4 g(FD % g0 4 FO) 4 gD)

where, by (22),

2 3 4 5
D 1 T+t 4o
(24) fo -g;:)lgnﬂlx" = 1+ 26
and
— 1 n_
(25) fO = |5n+11x T 1+23

By using Equalities (22), (24), and (25), we obtain

3, .5 - 2, .4
POV CONE e s ST M S e i
1428 1+ 28
— 2 3 5 _ 3 4
Fhegn =TT+ L, g T T
1+ 26 1+ 6
and
26) [ L, (srratrat\'_l+a4airatea’
T (1+x)2 14 x5 B 1+ a8
In the same way one can compute }ﬁ and ﬁ:
3
M-, @2t
@) / 1+z8 9 1+26

THEOREM 2.2. — For any p > 0, the sequences (modulo 2)

are all periodic. Furthermore, 3 - 2* is a period if 2 +1 < p < 2k+1,

Proof. — If p = 0,1,2, by equalities (22), (23), (26), and (27),
these four sequences are periodic. Now, suppose p > 3. We shall prove
by induction that 3 -2* is a period if 2¥ + 1 < p < 28+l By (27), the
conclusion is true for k = 1. Suppose that the conclusion is true for p < 2%,
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Consider now 2% + 1 < p < 2¥+1 If p = 2¢, then 2¥~! 4+ 1 < ¢ < 2*, thus
by Theorems 2.1.1 and 2.1.3, we have

€2, = |€3] - 12| + |EF] - 1AL,
(28) _
€5 s1l = [Enqal - 1AL+ [En14] - AR

On the other hand, by the induction hypothesis, all sequences occurring on
the right hand sides of the equalities (28) have period 3 - 2¥~1) and so do
the product and the sum of these sequences. It follows that the sequences
|€5,| and |€% . .| are both 3 - 2-periodic and that this holds also for the

sequence |EP|. The case p odd can be elucidated in the same way. Similar
methods apply to the other three sequences. O

3. Automaticity properties.

In this section, we discuss further properties of the sequences
introduced in Section 2. As the main result of this section, we prove that
these sequences modulo 2 are all 2-automatic in the sense of Salon [12], [13].
As said in the introduction, automatic sequences have been widely and
deeply studied in the recent years, as a general reference, one can read the
survey by Dekking, Mendés France and van der Poorten [8] or the survey
by Allouche [1]. For the two-dimensional automatic sequences, see [12], [13].

First of all, we recall one of the definitions of automatic sequences.

Let A be a finite alphabet and let A* be the set of finite words. A
substitution over A is a map o0: A — A*. If for any a € A, the length
of o(a) (i.e., the number of letters of the word o(a)) is equal to k, where
k > 1 is an integer, then o is called a k-substitution. Furthermore, if a € A
is such that o(a) = aw, w € A*, then

0“(a): = lim o™(a)
n—oo
defines an infinite word
x:mlxz-..mn... E AN

(see [6], [4]), which is said to be generated by this k-substitution. Let B be
another finite alphabet and let 7 be a map 7: A — B, then the sequence

T(z) = {'r(xn)}nZl
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is also called a k-substitutive sequence (Cobham [6] proved that a k-
substitutive sequence can be produced by a k-automaton and vice versa).
We saw in Section 1 that the Thue-Morse sequence is generated by the
2-substitution ¢ : 1 +— 10, 0 — 01 and the period-doubling sequence by the
substitution 8:1 — 10, 0 — 11.

The definition of a k-substitutive two-dimensional sequence [12], [13]
is analogous, but a k-substitution in two dimensions associates with a single
letter a “square” of letters of size k. For example define a two-dimensional
2-substitution as follows

01 10
0 +— 1o 1 +— 01
As previously, this operation can be iterated:
0110
01 1 0 01
0 — — —_— .
10 1 001
0110
Let {F}:}ngo,pZO be a double sequence. Its 2-kernel is the set of
subsequences
2k p+j .. k
{(F2) s0ps0 0S Ky 04,5 <26 =1},

It is known (see [12] , [13]) that a sequence is 2-automatic if and only if its
2-kernel is finite.

THEOREM 3.1.

(i) The sequences (modulo 2)

{lgfl’[}nZI,pZO’ {|§Z|}nz1,pzo’ {lAﬁl}nzl,pZO’ {IA_fll}nszzo

are all 2-automatic.

(ii) For any n > 1, the sequences (modulo 2)

{1€21} 500 {1ER1} 500 {1881} ,500  {IAR1},5

are all 2-automatic.
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Proof. — For « and 3 in {0, 1}, define two operations

— -+ (. 2p+B
Sau = {"f”ra n>0,p>0’ Dju = {“2ﬁ+a n>0,p>0
on sequences {ug}n>0 30" One has
Dgiﬁ', ifa+o <land g+ 0 <1,
(29) pogt _ ) SoDaer ifat+a’<landf+p5 =2,
e SODE fa+d =2and B+ <1,
SiDY ifoa+a =2and §+4 8 =2.
Let £, €, A, and A stand for the sequences {€8} _ o500 {8_3,’}700 p30°

{Azn),}nz()’pzoa and {A_ﬁ}nzo,pZU modulo 2.

Theorem 2.1 together with Proposition 2.1 can be reformulated in the
following way:

(DYE=E-A+E-A, DE=SYE-A+S;E-A+SLE-A,
DYE=E-A, DIE = S3E - A,
DIA = A, DIA=A-S;A+A-S§A+A-SJA,
DJA =0, DIA=A-SJA+A-SiA,
(30) ¢ DY = 8- A+ SYE- A, Diﬁzs?s-sgA+s?E-§5A ~
+ 8- SiA,
DY =898 . A, D€ = 898 . SiA,
DYA = S9E, DiA = SN - S§A+ SOA - S A
+ SYA - SaA,
| DIA = SYE, DiA = S{A - S§A + S9A - SJA.

(i)Set ¥ = {£,€,A,A}andY = {SEF |F e X, a=0,1, 3=0,1}.
It results from (29) and (30) that, for any F € Y and a and § in {0,1},
DEF can be expressed as a polynomial with coefficients in GFy of the
elements of }. As the elements of the 2-kernel of a sequence are obtained
by successive applications of operators D?, it follows that the 2-kernels of
the sequences £, £, A, and A are included in the set of sequences that are
polynomials in sequences from ).

But, there is only a finite number of polynomial functions on GF,
with sixteen variables. Therefore, these 2-kernels are finite. Then, it results
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from [12], [13] that the sequences |EF|n>1p>0, |AB|n>1p>0, 1&’1,121,,,20,
and |A%],>1,p>0 (modulo 2) are 2-automatic.

(ii) An immediate consequence of a result of Salon [12], [13] is that, if
the double sequence (F¥), p, is 2-automatic, then, for any fixed n > 1, the
sequence (F?), is 2-automatic, which proves our claim.

Alternatively we give a direct proof. Let € = €ge1 -+ - €, -+ € {0, 1}N
be the Thue-Morse sequence. For n > 1, let Q25,11 be the set of all subwords
of € of length 2n + 1. Now the 2-substitution o above induces a new 2-
substitution ¢, on 5,41 in the following way: let w = wyws - - - wa, be an
element of Qgp,41; if

a(w) = U(wowl © 'wzn) = U(wo) ° '0(w2n) =NoM * - Man+1,

then we set

on(w) = (oM -+ M2n)(MN2 -+ Man41) € Dty

It is easy to check that
w 1 k . N -
o (uo) = lim oy, (uo) = uour -+ € D1,

where u; is the block €j€;1...€j42,. This means that the sequence u is
generated by the 2-substitution o,,. Now define the map 7, : Q2,41 — {0,1}
by Tnh(up): = |EE| (mod 2). Then, the image of the sequence (up)p>0
under 7, is equal to the sequence {|€?|},>0 modulo 2. Hence the sequence
{|€?|}p>0 modulo 2 is 2-automatic. It can be proved in the same way that
the other three sequences are 2-automatic. a

Remark 3.1. — If u = uou; -+ - Uy, - - - is an automatic sequence that
can be generated by a primitive substitution, then the sequence is minimal:
any factor of the sequence u occurs in u with a non-zero frequency [6].
Hence by Theorem 3.1, we have the following corollary.

CorOLLARY 3.1. — For any p > 0 (resp. n > 1), there are infinitely
many numbers n (resp. p), such that |E?| # 0. The same property holds
also for the sequence |AP|.

Proof. — For a fixed n > 1 consider the map A:{0,1}?"~! — {0,1}
defined by

A(ay, ..., a2n—1) = det{a;y;j-1}1<i, j<n
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One has A(ep,...,€pyan—2) = |EF|, for all p > 0. As the Thue-Morse
sequence is minimal, each block aj---as,_1 that occurs in the Thue-
Morse sequence occurs an infinite number of times and with bounded gaps.
Hence we have the same property for the “block” (actually the letter)
A(a1,...,a2n—1) in the sequence (|€E|)p>o0. Hence the frequency of any
letter in the sequence (|€Z|)p>0 is strictly positive and this sequence is not 0
identically.

For a fixed p > 0 the sequence n — (|€E|),, is periodic and it is not
identical to zero, (one has || = ¢,). Hence any letter occurs an infinite
number of times in the sequence (|€2|)n>1. O

4. Applications.

Now we consider another form of the Thue-Morse sequence which will
be used in the applications below. In the definition of the introduction,
if we take a = 1, b = —1, then we obtain an infinite sequence
n = nom- M- € {1,—1}N which satisfies the recurrence equations
o = 1, Non = M, Mon+1 = —Nn. We define 7, = —np41mn  (note that
{%(1 + 7rn)} is nothing but the period doubling sequence). The Hankel
determinants corresponding to 1 and 7 are denoted by |AZ| and |B2|.

We clearly have
81 M =2en — 1, T, =26, — 1.

The following proposition relates |A2| and |B2| to |EZ| and |AP].

ProposITION 4.1. — We have
217" 48| = |ER| + 2/€R| = |ER),
2'="|BY| = | A% + 2/A%) = [AF),
where AP is the (n, p)-Hankel matrix of the sequence 6.

Proof. — This proposition results from Lemma 1.4 and Formula (31).
O

A direct consequence of Theorems 2.1, 2.2, 3.1 and Proposition 4.1 is
the following.
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THEOREM 4.1. — The sequences modulo 2
{27451} {21145}

(2" )

n>1,p>0’ n>1,p>0’

1—
{2 nIBgl}nzl,pZO’ n>1,p>0
are 2-automatic.

For any n > 1, the sequences modulo 2
{2'7"14n]} {2145}

{21—nIB°_£|}

p=0’ p20’

{21_HIBT€'}I)ZO’ p=>0
are 2-automatic.

For any p > 0, the sequences modulo 2

{2"4nl} {2' 1A%}

n>1’
{21_n|Bg|}n21» {21_HIB_£|}n21

are periodic. O

n>1’

From the theorem above and Propositions 2.2, 4.1, we get the following
corollary.

COROLLARY 4.1. — For n > 1, one has 2'""|A%| = 1 (mod 2). In
particular, |A%| # 0 forn > 1. O

By a remark similar to Remark 3.1, we have the following result.

COROLLARY 4.2. — For any n > 1 (resp. p > 0) there are infinitely
many integers p (resp. n) such that |AP| # 0. The conclusion is also valid
for the sequence (|BE|). O

Now we discuss the strongly nonrepetitive structure of the Thue-
Morse sequence.

Let A = {a,b}. If w € A* is a finite word, we denote by w the word
obtained by flipping a and b in it.

Let u = uguy ... upn--- € AN and let Wpn = Up - Uptn be a factor
(american terminology: subword) of u. We say that a word wpan is
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nonrepetitive (resp. strongly nonrepetitive) if, for all k¥ and £ such that
p <k << p+mn, we have wip # wWen (resp. win # we, and
Wk,n 7 We,n)- It is known that any factor wy, 2, of the Thue-Morse sequence
is nonrepetitive [14], [15]. Notice now that if wg . = MkMk+1 - - Ph4n, then
Wk, is just the word (—mnk)(—Mk+1) - - - (—7k+n). Hence, if the (p,n)-order
Hankel determinant |A%| is nonzero, then the word wp o, is strongly
nonrepetitive. Thus, by Corollaries 4.1 and 4.2, we obtain the following
theorem.

THEOREM 4.2. — Let u = uguy ... U, ... € AN be the Thue-Morse
sequence, then, for any n > 1, the words wy 2, are strongly nonrepetitive.
Furthermore, for any p > 1, there are infinitely many n such that the
words wp 2n, are strongly nonrepetitive. O

Remark 4.1. — Notice that wy2 = bab, we1 = ba, ws1 = ab, so
wo,1 = Ws3,1, that is, the word wa > is not strongly nonrepetitive. Thus, in
this sense, the theorem cannot be improved.

Remark 4.2.

(i) Let v = vouy---v,--- € AN be the period-doubling sequence.
For p = 0, we do not have the same result as for the Thue-Morse
sequence. In fact, consider wg 2 = aba, then wy; = w2 = ab. Nevertheless,
by Corollary 4.2, we still have that, for any p, there are infinitely many n,
such that the words wp 2, are strongly nonrepetitive.

(ii) From Proposition 2.2, |A%| # 0, hence for any n > 1, the subword
wo,2n, Of w is nonrepetitive. Furthermore, this result cannot be improved,
for example, wy 4 = ababa, but wy s = we 2 = aba.

On the other hand, from Remark 1.1, we see that, nonrepetitivity for
the period-doubling sequence is equivalent to strong nonrepetitivity for the
Thue-Morse sequence, hence, the first conclusion of the above theorem can
be derived from Remark 4.2 (ii).

Now consider again the Thue-Morse sequence n = nony - Np - -
in {1, —1}N. Set

f(z) = Z NMT";

n>0

then f(z) is a transcendental function, and Cobham [5] proved that f(z) is
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the unique solution of the following functional equation:
F(z) x

1+ (1+z)(1+22)’
such that F(0) = 1, see also [7], [8].

F(z?) = lz] < 1,

Thus, we are naturally led to consider approximating f(z) by rational
functions. Nice candidates are the Padé approximants (if they exist).

A (p,qg)-order Padé approximant of f, noted [I—;]f, is a rational

function P(z)/Q(z) whose denominator has degree ¢ and whose numerator
has degree p such that

(.’L‘) $p+q+1 T —
fl= " 0@ =O( ); 0.

In particular, the approximants [ ]f for £ > 1 play an important role

in the study of Padé approximant theory (for a general reference, see [2]).

By a classical result, if |A,| # 0, then the Padé approximant [nT——l]

exists (furthermore, it can be expressed explicitly, see [3], pp. 34-36). Hence
by Corollary 4.1, we have the following theorem.

THEOREM 4.3. — Let f(z) = Y, nna™; then for any n > 1, the
n>0

(n — 1, n)-order Padé approximant of f_exists. 0
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